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L Erdös, J. P. Solovej, The kernel of Dirac operators on S3

and R3, Rev. in Math. Phys. 13 (2001), no. 10, 1247-1280
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Spinc spinor bundle

M . . . 3-D Riemannovská varieta

Ψ 2-dimenzionálńı komplexńı vektorový bundle nad M
se skalárńım součinem
a izometríı σ : T ˚M Ñ Ψp2q, kde

Ψp2q :“ tA P EndpΨq | A “ A˚,TrA “ 0u

Skalárńı součin na Ψp2q

pA,Bq – 1
2
TrrABs

tσpαq, σpβqu “ 2pα, βq, @α, β P T ˚M
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Spinc konexe

@X P T˚M a ξ, η P ΓpΨq

X pξ, ηq “ p∇X ξ, ηq ` pξ,∇Xηq

r∇X , σpαqs “ σp∇Xαq



Lokálńı vyjáďreńı ∇X

ξ˘ . . . lokálńı ONB spinor̊u
pe1, e2, e3q . . . ONB na M
Pak

p∇X qξ˘
“

i

2

ˆ

pe1,∇Xe2q ´pe3,∇Xe2q ´ ipe3,∇Xe1q

´pe3,∇Xe2q ` ipe3,∇Xe1q pe1,∇Xe2q

˙

´
i

2
αpX qI ,

kde reálná 1-forma αpX q “ i1
2
pξ`,∇X ξ`q ` i1

2
pξ´,∇X ξ´q.



Magnetická 2-forma

βpX ,Y q –
i

2
TrrRΨpX ,Y qs

kde tenzor ǩrivosti je dán vztahem

RΨpX ,Y qξ – ∇X∇Y ξ ´∇Y∇X ξ ´∇rX ,Y sξ

Tvrzeńı
Lokálně plat́ı β “ dα.
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Dirac̊uv operátor

D : ΓpΨq Ñ ΓpΨq

Dξ – ´i
ÿ

j

σpe jq∇ej ξ

Věta (D je symetrický operátor)

Necht’ ξ, η jsou spinorová pole, pak

ż

M

pξ,Dηq “
ż

M

pDξ, ηq



Konformńı transformace

M . . . metrika g , Cliffordovo násobeńı σ
nová metrika gΩ “ Ω2g
nové Cliffordovo násobeńı σΩ “ Ω´1σ

Změna spinc konexe na Ψ

∇pΩq
X “ ∇X `

1

4
Ω´1

rσpX ˚q, σpdΩqs
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M . . . metrika g , Cliffordovo násobeńı σ
nová metrika gΩ “ Ω2g
nové Cliffordovo násobeńı σΩ “ Ω´1σ

Změna Diracova operátoru na Ψ

DΩ “

#

Ω´
3
2DΩ

1
2 , ve 2D

Ω´2DΩ , ve 3D



Riemannian submersion

φ : M Ñ N
φ˚ : T˚M Ñ T˚N je částečná surjektivńı izometrie
Zdvih spinc spinor bundlu
ΨN

π
Ñ N . . . σN

ΨM “ φ˚pΨNq – tpp,mq P M ˆΨN | πpvq “ φppqu

je spinc spinor bundle nad M s Cliffordovým násobeńım
σMpφ

˚ωq “ σNpωq ˝ φ , @ω P T ˚N
ν – ˚φ˚pvolNq
σMpνq “ ´piσNpf1qσNpf2qq ˝ φ , kde
f1, f2 je ON frame T ˚N
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X – φ˚p∇N

qX ´
1

2
σMpνqσMp∇M

X νq ´ iνpX qpν, ˚dνqσMpνq

Zdvih magnetické 2-formy
βM “ φ˚βN

Zdvih Diracova operátoru

DMpξ ˝ φq “ pDNξq ˝ φ`
1

2
σMp˚dν ´

1

2
pν, ˚dνqνqσMpνqξ ˝ φ



Věta
Definujeme-li novou spinc konexi

∇M,˘ – ∇M
¯

i

2
p˚dν ´

1

2
pν, ˚dνqνq ,

kde ∇M je odpov́ıdaj́ıćı zdvih ∇N pomoćı φ, je odpov́ıdaj́ıćı
Dirac̊uv operátor tvaru

D˘Mpξ ˝ φq “ pDNξq ˝ φ

pro spinory splňuj́ıćı σMpνqξ ˝ φ “ ˘ξ ˝ φ. Specielně pro
ξ P ΨN nulové módy DN se spinem

S “ pξ,´iσNpf
1
qσNpf

2
qξq P t`,´u ,

je ξ ˝ φ P ΨM nulový mód DsgnpSq
M .



Věta (Spodńı odhad na počet nulových módů)

Necht’ ΨN je spinor bundle nad 2-dimenzionálńı varietou N ,
∇N spinc konexe a DN Dirac̊uv operátor. Označme βN
p̌ŕıslušnou magnetickou 2-formu. Necht’

Φ –
1

2π

ż

N

βN a s – sgnpΦq P t`,´u

Uvažujme Riemannovské ponǒreńı φ : M Ñ N z
3-dimenzionálńı variety M a ΨM , ∇M p̌ŕıslušné zdvihy spinor
bundlu a spinc konexe. Necht’ ν – ˚φ˚pvolNq a definujme
spinc konexi

∇̃M,˘ – ∇M
´ i

s

2
p˚dν ´

1

2
pν, ˚dνqνq ,

na ΨM . Pak pro odpov́ıdaj́ıćı Dirac̊uv operátor plat́ı

dim kerD̃M ě

ˇ

ˇ

ˇ

ˇ

1

2π

ż

N

βN

ˇ

ˇ

ˇ

ˇ

.



Děkuji za pozornost



Věta (Aharonov Casher na S2)

Necht’ ∇ je konexe na spinc bundlu Ψn nad S2 s Chernovým
č́ıslem n “ 1

2π

ş

β, kde β je odpov́ıdaj́ıćı 2-forma. Necht’ D je
odpov́ıdaj́ıćı Dirac̊uv operátor. Pak dim ker D “ |n|. Nav́ıc
ker D Ă tη | σpνqη “ ηu pokud n ą 0 a
ker D Ă tη | σpνqη “ ´ηu pokud n ă 0.



Věta (Nulové módy na R3)

Bud’ τ : R3 Ñ Mztpu stereografická projekce na R3 z
M “ pS3, g3q bez jednoho bodu. Necht’

β “ τ˚ph ˚ νq “ ph ˝ τqτ˚p˚νq je pullback libovolné uzav̌rené
2-formy h ˚ ν na S3.
Pak h “ g ˝ φ pro nějakou g P C8pS2q a pτ´1q ˚ β lze rozš́ı̌rit
na 2-formu βM “ pg ˝ φq ˚ ν na M . Necht’ DR3 je Dirac̊uv
operátor na R3 s magnetickou 2-formou β a DM je Dirac̊uv
operátor na M s magnetickou 2-formou βM . Pak
dim ker D “ dim ker DM


