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The Ising model (1/5)

The one-dimensional kinetic Ising spin chain consists of N particles labeled
by integers t1, 2, . . . , Nu.

Each particle n is occupied by a spin σn P t1,´1u, interacts with its nearest
neighboring particles, and is in contact with a heat bath of temperature Tn.
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The configuration of the system is a vector σ “ pσ1, . . . , σN q P t1,´1uN .

Note: Ernst Ising was a German physicist (1900–1998; thesis 1924; simplified
model of phase transitions in ferromagnetic materials).
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The Ising model (2/5)

Let wnpσnq denotes the probability per unit time that the nth spin flips from
the value σn to ´σn. We assume it is given by the generalized Glauber
transition rate:

wnpσnq “
1
2 ´

1
4γnσn pσn´1 ` σn`1q ,

for n P t1, . . . , Nu, where one has to put σ0 “ σN`1 “ 0.

At this moment the factor γn is restricted to the interval p´1, 1q. It is related
to the temperature Tn, as we will see later.

In particular, for n P t2, . . . , N ´ 1u we have

wnpσnq “

$

’

&

’

%

1
2 , σn´1σn`1 “ ´1,
1
2 ´

1
2γnσn, σn´1 “ σn`1 “ 1,

1
2 `

1
2γnσn, σn´1 “ σn`1 “ ´1.
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The Ising model (3/5)
Let ppσ; tq “ ppσ1, . . . , σN ; tq stands for the probability that the system is in
configuration σ at the time t. The time evolution of ppσ; tq is governed by
the master equation

d
dtppσ; tq “ ´

˜

N
ÿ

n“1
wnpσnq

¸

ppσ; tq`
N
ÿ

n“1
wnp´σnqppσ1, . . . ,´σn, . . . , σN ; tq.

Interesting macroscopic observable is the magnetization, i.e. expectation
value of a spin σnptq regarded as the stochastic function of time,

qnptq :“ xσnptqy “
ÿ

σ

σnppσ; tq.

Averaging the master equation one arrives at the evolution equation for
qnptq,

9qnptq “ ´qnptq `
γn
2
`

qn´1ptq ` qn`1ptq
˘

, n P t1, . . . , Nu,

q´1ptq “ qN`1ptq “ 0.
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The Ising model (4/5)

This can be rewritten in matrix form, qptq :“
`

q1ptq, . . . , qN ptq
˘T ,

9qptq “ Jqptq,

where

J “

¨

˚

˚

˚

˚

˚

˚

˝

´1 γ1
2 0 ¨ ¨ ¨ 0

γ1
2 ´1 γ2

2 ¨ ¨ ¨ 0

0 γ2
2 ´1

. . .
...

...
. . . ´1 γN´1

2
0 0 ¨ ¨ ¨

γN´1
2 ´1

˛

‹

‹

‹

‹

‹

‹

‚

.

The solution of the evolution equation is then

qptq “ expptJqqp0q.

One possible way to compute the exponential is to diagonalize J , i.e. solve
the eigenvalue problem for J , Jq “ λq.
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The Ising model (4/5)

It turns out the factor γn is determined by the temperature Tn as

γn “ tanh
ˆ

2
kBTn

˙

P p0, 1q,

where kB is the Boltzmann constant.
We are interested in particular case of N Ñ8, i.e. our Ising chain is
infinite, particles are indexed by n P N.
In addition, we choose the temperature to decay hyperbolically,

Tn “
1
n
, n P N,

and so
γn “

1´ e´2κ e´2κpn´1q

1` e´2κ e´2κpn´1q , n P N,

where κ :“ 2
kB
ą 0.
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Gauss hypergeometric series (1/2)
Gauss hypergeometric series F pa, b; c; zq is defined by

2F1

ˆ

a b
c

; z
˙

” F pa, b; c; zq “
8
ÿ

k“0

paqkpbqk
pcqk

zk

k! ,

where |z| ă 1, c R ´N0 and

paqk “

#

apa` 1q ¨ ¨ ¨ pa` k ´ 1q, k P N,
1, k “ 0,

is the Pochhammer’s symbol.
F pa, b; c; zq “contains” many elementary and special functions, e.g.

F p1, 1; 2; zq “ ´1
z

lnp1´ zq, F p1{2, 1; 3{2;´z2q “
1
z

arctan z,

F pa, b; c; 1q “ ΓpzqΓpc´ a´ bq
Γpc´ aqΓpc´ bq .
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Gauss hypergeometric series (1/2)

Another example: for the well-known Legendre polynomials Pnpxq one has

Pnpxq “ F

ˆ

´n, n` 1; 1; 1´ x
2

˙

.

Many many other functions can be expressed in this way.

Using F pa, b; c; zq one can construct linearly independent solutions of the
hypergeometric differential equation

zp1´ zqd
2w

dz2 `
`

c´ pa` b` 1qz
˘dw

dz ´ abw “ 0.

The q-Gauss hypergeometric series is a generalization of the already quite
general Gauss hypergeometric series.
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A glimpse of q-world (10th circle of Hell)
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A glimpse of q-world
For 0 ă q ă 1 we define the q-shifted factorial, or q-Pochhammer’s
symbol:

pa; qqn “
n´1
ź

j“0

`

1´ aqj
˘

, n P N0.

q-Binomial coefficients:
„

n
m



q

“
pq; qqn

pq; qqmpq; qqn´m
Ñ

ˆ

n
m

˙

as q Ñ 1.
Is it any good? For example, the q-Binomial theorem holds:

n
ÿ

j“0

„

n
m



q

p´zqjq

¨

˝

j
2

˛

‚

“ pz; qqn.

In limit q Ñ 1 one obtains the usual Binomial theorem.
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q-Gauss hypergeometric series

For a, b, c P C, the q-Gauss hypergeometric series is defined by

2φ1

ˆ

a, b
c

ˇ

ˇ

ˇ

ˇ

q; z
˙

:“
8
ÿ

k“0

pa; qqkpb; qqk
pc; qqk

zk

pq; qqk
,

provided that c R q´N0 .

If one of the numerator parameters a, b equals q´n, for some n P N0, the
q-Gauss hypergeometric series is a polynomial in z.

Otherwise the radius of convergence of the q-Gauss hypergeometric series is
equal to 1.

The function 2φ1 is a q-analogue of the Gauss hypergeometric function 2F1.
We have

lim
qÑ1´

2φ1

ˆ

qa, qb

qc

ˇ

ˇ

ˇ

ˇ

q; z
˙

“ F pa, b; c; zq.
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A little theory of orthogonal polynomials
Consider a family of monic orthogonal polynomials given by the three-term
recurrence

pn`1pxq “ px´ bnqpnpxq ´ an´1pn´1pxq, n P N0,

with initial conditions p´1pxq “ 0 and p0pxq “ 1, where bn P R and an ą 0
for all n P N0.
If the parameters an, bn from the three-term recurrence above satisfy

8
ÿ

n“1
n
`

|bn| ` |1´
?
an|

˘

ă 8,

then the measure of orthogonality µ of polynomials pn decomposes as

µ “ µac ` µd,

where µac is absolutely continuous w.r.t. the Lebesgue measure,
suppµac “ r´2, 2s, and µd is a discrete measure supported on
finitely many points located in Rr r´2, 2s.
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A little theory of orthogonal polynomials

Hence we may write

dµac
dx pxq “ ρpxq and µdpxq “

N
ÿ

k“1
wkδxk

pxq,

where ρ is a positive function on p´2, 2q, N P N0, wk ą 0 and |xk| ą 2 for
all 1 ď k ď N .

The orthogonality relation for polynomials pn then reads
ż 2

´2
pnpxqpmpxqρpxqdx`

N
ÿ

k“1
wkpmpxkqpnpxkq “

˜

n´1
ź

j“0
aj

¸

δm,n,

for m,n P N0.
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The recurrence relation

Analysis of the magnetization evolution equation leads us to two-parameter
family of polynomials pnpxq ” p

pα,βq
n px; qq generated by recurrence relation

pn`1pxq “ xpnpxq ´ γn´1γnpn´1pxq, n P N0,

and satisfying initial conditions p´1pxq “ 0 and p0pxq “ 1, where

γn ” γpα,βqn pqq :“ 1´ αqn

1´ βqn , n P N0.

Note: if we wish to go back to the Ising model introduced earlier we have to
set

q “ e´2κ, α “ e´2κ, β “ ´e´2κ.
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Explicit formula for the polynomials
For |α| ă 1 and z ‰ 0, define

ψ˘n pzq :“ z˘n
`

qz˘2; q
˘

8 2φ1

ˆ

z˘1τ, z˘1τ´1

qz˘2

ˇ

ˇ

ˇ

ˇ

q;αqn`1
˙

, n ě ´1,

where αυpτq “ βυpzq and υ is the Joukowsky map υpzq “ z ` 1
z .

The functions ψ˘ are two solutions of (linearly independent iff z R ˘qZ{2)

ψn´1 ´ υpzqγnψn ` ψn`1 “ 0, n P N0.

For |α| ă 1, β ă 1, z ‰ 0, and n ě ´1, let

ppα,βqn pυpzq; qq “ pα; qqn
pβ; qqn

¨
ψ´n pzqψ

`
´1pzq ´ ψ

`
n pzqψ

´
´1pzq

W pψ`, ψ´q
,

where αυpτq “ βυpzq and W pψ`, ψ´q “ z´1 `z2, qz´2; q
˘

8
is the

Wronskian.
p
pα,βq
n is the solution of the recurrence equation, with x replaced by
υpzq.
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Orthogonality relation

Let |α| ă 1, β ă 1. Then the family tpnu, satisfies the orthogonality relation

2
π

ż π

0
pmp2 cos θqpnp2 cos θq sin2pθq

ˇ

ˇ

ˇ

ˇ

2φ1

ˆ

eiθτ, eiθτ´1

qe2iθ

ˇ

ˇ

ˇ

ˇ

q;α
˙
ˇ

ˇ

ˇ

ˇ

´2

dθ`

`
ÿ

0ăzkă1

z2
k ´ 1
z2
k

ψ`0 pzkq
`

ψ`´1
˘1
pzkq

rpmpυpzkqqpnpυpzkqq ` pmp´υpzkqqpnp´υpzkqqs “

“
pα; qqnpα; qqn`1

pβ; qqnpβ; qqn`1
δm,n, m, n P N0.

where zk, k P N, stands for the kth zero of ψ`´1 in the interval p´1, 1q. The
variable τ present in the integral above is related to θ via αpτ ` τ´1q “ 2β cos θ.
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Generating function

For |t| ă |z| ă 1, we have:

1 if |α| ă q, then

8
ÿ

n“0

pβ; qqn
pα; qqn

ppα,βqn pυpzq; qqtn “

“
1´ q´1α

p1´ ztqp1´ z´1tq
3φ2

ˆ

q, qτt, qτ´1t

qzt, qz´1t

ˇ

ˇ

ˇ

ˇ

q; q´1α

˙

2 for α “ q, it holds

8
ÿ

n“0

pβ; qqn
pq; qqn

ppq,βqn pυpzq; qqtn “ pqτt, qτ´1t; qq8
pzt, z´1t; qq8

.

The variable τ is again determined by αυpτq “ βυpzq.
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Magnetization

In case of the Ising model we have q “ α “ ´β “ e´2κ and an explicit
formula

Pnpzq :“ p
pq,´qq
n´1 pυpzqq “

1
?
γn

n´1
ÿ

k“0

p´q; qqkp´q; qqn´1´k

pq; qqkpq; qqn´1´k
z2k´n`1, n P N.

The orthogonality measure µ is absolutely continuous in this case.

It follows that if the magnetization satisfies qnp0q “ δnk, for some fixed
k P N. Then the solution of the evolution equation reads

qnptq “

c

γn
γk

ż π

0
e´tp1´cos θqPnpe

iθqPkpe
iθqdµpθq „ pq; qq28

p´q; qq28
Pnp1qPkp1q

t3{2

as tÑ `8.
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Thank you for your attention!
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