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The Ising model (1/5)

Magnetization
000

@ The one-dimensional kinetic Ising spin chain consists of N particles labeled
by integers {1,2,..., N}.

@ Each particle n is occupied by a spin o, € {1, —1}, interacts with its nearest
neighboring particles, and is in contact with a heat bath of temperature T,,.

g1 () g3 04 05 (X (%rd g8
T T, T3 T, T Ts Tr T
@ The configuration of the system is a vector o = (01,...,0x) € {1, —1}".

o Note: Ernst Ising was a German physicist (1900-1998; thesis 1924; simplified
model of phase transitions in ferromagnetic materials).
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o Let wy,(0,) denotes the probability per unit time that the nth spin flips from

the value o, to —o,. We assume it is given by the generalized Glauber
transition rate:

1 1
wn(0n> =35 7Tn0On (O'nfl + Un+1)7
2 4
forne {1,..., N}, where one has to put 09 = o1 = 0.

@ At this moment the factor ~,, is restricted to the interval (—1,1). It is related
to the temperature T},, as we will see later.

@ In particular, for n € {2,..., N — 1} we have
1
bR On—10n+1 = 717
_J1_1
wn(an) =133 37"0%n;, On-1=0n4t1 = 1,
1
2

1
+ 5’7710'7” On—1 = 0p41 = -1 %
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The Ising model (3/5)

o Let p(o;t) = p(oy,...,0oN;t) stands for the probability that the system is in
configuration o at the time ¢. The time evolution of p(c;t) is governed by
the master equation

d N N
P p(o;t) = — <Z wn(an)> p(o;t)+ Z Wp(—0n)p(01,. oy —Ony. oo, ON; ).

n=1

@ Interesting macroscopic observable is the magnetization, i.e. expectation
value of a spin o, (t) regarded as the stochastic function of time,

n(t) := (on(t)) = Y. onplost).
g
@ Averaging the master equation one arrives at the evolution equation for
qn(t),

in(t) = —gn(t) + %"(qn,l(t) +ana(®), ne{l,... N},

q-1(t) = qn+1(t) = 0. %
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The Ising model (4/5)
e This can be rewritten in matrix form, ¢(t) := (q1 (%), ..,qN(t))T,
q(t) = Jq(t),
where
12 0 0
n Y ox 0
J=|o = 1
-1 IN-1
YN —
0 0 wa

@ The solution of the evolution equation is then

q(t) = exp(tJ)q(0).
A2

@ One possible way to compute the exponential is to diagonalize J, i.e. s
May 30, 2019

the eigenvalue problem for J, Jqg = Aq.

Ising model
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@ It turns out the factor +,, is determined by the temperature T, as

2
Yn = tanh (]f T > € (031)»

Bin
where kg is the Boltzmann constant.

@ We are interested in particular case of N — o0, i.e. our Ising chain is
infinite, particles are indexed by n € N.

@ In addition, we choose the temperature to decay hyperbolically,

and so
1— e 2k 672;{(77,71)

Tn = 1+ e 2r e—2k(n—-1)"’

where k := k2 > 0. @
B
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Gauss hypergeometric series (1/2)

o Gauss hypergeometric series F'(a, b; c; z) is defined by

o Fy (acb ;Z> = F(a,b;c;2) = i (@) 2*

= KU

where |z] < 1, ¢ ¢ =Ny and

is the Pochhammer’s symbol.

e F(a,b;c;z) “contains” many elementary and special functions, e.g.

1 1
F(1,1;2;2) = ——In(1 — 2), F(1/2,1;3/2; —2%) = — arctan z,
z z

o I'(z)['(c—a—b)
F(a,b,c,l)fm. %
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Gauss hypergeometric series (1/2)

@ Another example: for the well-known Legendre polynomials P, (x) one has

1—
P,(z)=F (—n,n—i— 1;1; 2x) .

Many many other functions can be expressed in this way.

e Using F'(a,b;c; z) one can construct linearly independent solutions of the
hypergeometric differential equation

2
z(l—z)%—k(c—(a+b+1)z)%—abw=0.

@ The ¢-Gauss hypergeometric series is a generalization of the already quite

general Gauss hypergeometric series. %
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A glimpse of g-world (10th circle of Hell)
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A glimpse of ¢g-world

@ For 0 < g < 1 we define the ¢-shifted factorial, or ¢-Pochhammer’s
symbol:

1:[ 1—aq n € Ng.

@ ¢-Binomial coefficients:
[n] _ (¢ @)n (n)
= \bAm
m|, (& Dm(aDn-m m
@ Is it any good? For example, the g-Binomial theorem holds:

jZ:;) [:1](] (_Z)jq® = (%, 0)n-

@ In limit ¢ — 1 one obtains the usual Binomial theorem. %
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g-Gauss hypergeometric series

@ For a,b,c e C, the g-Gauss hypergeometric series is defined by

a,b
201 < .

provided that ¢ ¢ ¢~ MNo.

k

L) @bk 2
q’>' kz:]o ok (@or

k

@ If one of the numerator parameters a, b equals ¢~™, for some n € Ny, the
q-Gauss hypergeometric series is a polynomial in z.

@ Otherwise the radius of convergence of the g-Gauss hypergeometric series is
equal to 1.

The function 5¢1 is a g-analogue of the Gauss hypergeometric function o F7.

We have
7. q¢
oo (e renes g

li
qg—1_
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A little theory of orthogonal polynomials

@ Consider a family of monic orthogonal polynomials given by the three-term
recurrence

Prnt1(x) = (& — bp)pn(x) — an—1pn—1(x), ne Ny,

with initial conditions p_1(x) = 0 and po(x) = 1, where b, € R and a,, > 0
for all n € Np.
o If the parameters a,,, b, from the three-term recurrence above satisfy

o0
D n(Iba] + 11 = Van|) < oo,
n=1

then the measure of orthogonality u of polynomials p,, decomposes as

W= fac + Hd,

where 4. is absolutely continuous w.r.t. the Lebesgue measure,

SUpp fac = [—2,2], and pq is a discrete measure supported on %
finitely many points located in R\ [—2,2].
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A little theory of orthogonal polynomials

@ Hence we may write

dptae N
@ =) and () = 3w, (o

where p is a positive function on (—2,2), N € Ny, w > 0 and |z| > 2 for
all<k < N.

@ The orthogonality relation for polynomials p,, then reads

J_an(w)z?m( )p(x)da + Zwkpm k)P (@) (H ag) m.ns

for m,ne N(). %
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The recurrence relation

@ Analysis of the magnetization evolution equation leads us to two-parameter

family of polynomials p,, (z) = pf,a"ﬁ)(a:; q) generated by recurrence relation

[)7l+1(IL‘) = IPn (L) - "l”nfl")’npnfl(x)a ne NU-,
and satisfying initial conditions p_1(z) = 0 and pg(x) = 1, where

_1—aq”

(:8) (g) i L QL
1—Bg’

T =10 (q) n € Np.

@ Note: if we wish to go back to the Ising model introduced earlier we have to

set
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Explicit formula for the polynomials

@ For || <1 and z # 0, define

+1. %

z= T,Z—lel

YE(2) 1= 2 (g2%2q), zasl(

quQ q;aan)’ n = _]-a

where av(t) = Bu(z) and v is the Joukowsky map v(z) = z + 1.
The functions ¢% are two solutions of (linearly independent iff z ¢ +¢%/?)

djnfl - U<Z)'Vn'l/}n + "/}nJrl = 07 ne No.
o For|a|<1,8<1,2#0,and n = —1, let

oy (@D (@ () = U (2D (2)
PR = ), W, oo |

where av(r) = Bu(z) and W(+,¢7) = 271 (22,4272 q) is the
Wronskian.

° pS;,W) is the solution of the recurrence equation, with x replaced bﬁ%
v(z).
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Orthogonality relation

Let |a] <1, B < 1. Then the family {p,}, satisfies the orthogonality relation

w 0. i -2
EJ Pm (2 cos )p,, (2 cosh) sin2(9) 201 <e e q;a) dé +
T

0 q621«9

0<zp<l1 %k

. %gl(i§§f” [ (029 (0(28)) + P (022 (—0(z2))] =

| —~

)
aaQ) ( Q)n+1
—6m mn»y ) .
Bsq)n(Br @hgs o M€ No

where z;, k € N, stands for the kth zero of wi’l in the interval (—1,1). The
variable 7 present in the integral above is related to 6 via a(7 + 771) = 23 c@
T. Kalvoda & F. Stampach (CVUT)
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Generating function
For |t| < |z| < 1, we have:
Q if |a| < ¢, then

>, &

n:O

"pﬁz” D (v(2); q)t" =

1— q_la q7q7't,q7'_1t

- (1—2t)(1—2"1) 3¢2( qzt,qz=1t

q;q_1a>

Q@ for a = g, it holds
0

The variable 7 is again determined by av(7) = fv(z). %
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Magnetization

@ In case of the Ising model we have ¢ = a = —f3 = ¢~ 2% and an explicit
formula

- 1N CEO(GEDn—1-k aknia
Pu(z2) = pi " (v(2)) = E . 2P neN.
) 1 (v(e) Vin 2 (6 Ok(@ -1k

@ The orthogonality measure p is absolutely continuous in this case.

o It follows that if the magnetization satisfies ¢,,(0) = d,, for some fixed
k € N. Then the solution of the evolution equation reads

anlt) = \/ZJ-OW e_t(l—cosé)Pn(eiG)Pk(eie)du(e) - ((Cﬁq)gg P, (1)P(1)

—¢;q)%, 132

as t — +0o0. %
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Thank you for your attention!
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