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Úloha královny Dido ...
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... a jej́ı řešeńı

Věta (Isoperimetrická nerovnost)

Pro obsah A(K ) a obvod P(K ) konvexńıho rovinného útvaru K ⊂ R2

plat́ı

A(K ) ≤ P(K )2

4π
. (1)

Nav́ıc, rovnost nastává právě když K je kruh.
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Vlastńı objemy



Steiner̊uv vzorec

Věta (Steiner̊uv vzorec v rovině)

Bud’ K ⊂ R2 konvexńı rovinný útvar. Obsah každého jeho ε-okoĺı je

A(K + εB1) = A(K ) + P(K ) ε+ πε2. (2)
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Vlastńı objemy

Definice

Konvexńı těleso je kompaktńı konvexńı neprázdná podmnožina K ⊂ Rn.

Množinu všech konvexńıch těles znač́ıme K.

Věta (Steiner̊uv vzorec)

Pro každé K ∈ K a ε ≥ 0 plat́ı

vol(K + εB1) =
n∑

k=0

ωn−k µk(K ) εn−k . (3)

Definice

Takto definované funkcionály µk :K → R nazýváme vlastńı objemy

(‘intrinsic volumes’).

Poznámka

µn = vol je Lebesgueova ḿıra a µ0 = χ ≡ 1 je Eulerova charakterisitka.
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Pro každé K ∈ K a ε ≥ 0 plat́ı

vol(K + εB1) =
n∑

k=0

ωn−k µk(K ) εn−k . (3)

Definice
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Vlastnosti vlastńıch objemů

Tvrzeńı

Vlastńı objemy jsou

• spojité (vzhledem k Hausdorffově metrice),

• translačně invariatńı: pro všechny x ∈ Rn a K ∈ K,

µk(K + x) = µk(K ), (4)

• rotačně invariatńı: pro všechny g ∈ SO(n) a K ∈ K,

µk(gK ) = µk(K ), (5)

• valuace (‘valuations’): kdykoli K , L,K ∪ L ∈ K,

µk(K ∪ L) = µk(K ) + µk(L)− µk(K ∩ L). (6)

Nav́ıc, µk je k-homogenńı: pro všechny K ∈ K a t > 0,

µk(tK ) = tkµk(K ). (7)
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Tvrzeńı
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Tvrzeńı
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• rotačně invariatńı: pro všechny g ∈ SO(n) a K ∈ K,

µk(gK ) = µk(K ), (5)

• valuace (‘valuations’): kdykoli K , L,K ∪ L ∈ K,

µk(K ∪ L) = µk(K ) + µk(L)− µk(K ∩ L). (6)
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Zobecněné isoperimetrické nerovnosti

Věta

Pro každé K ∈ K plat́ı

µ1(K )

µ1(B1)
≥
(
µ2(K )

µ2(B1)

) 1
2

≥ · · · ≥
(
µn−1(K )

µn−1(B1)

) 1
n−1

≥
(
µn(K )

µn(B1)

) 1
n

. (8)

Nav́ıc, rovnost nastává v každém p̌ŕıpadě právě pro Eukleidovské koule.
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Hadwigerova věta

Definice

Množinu všech spojitých translačně a rotačně invariantńıch valuaćı na K
znač́ıme ValSO(n).

Věta (Hadwiger, 1957)

ValSO(n) = Span{µ0, . . . , µn}. (9)

Speciálně

ValSO(n) =
n⊕

k=0

Span{µk}. (10)

Poznámka

Vlastńı objemy jsou lineárńı kombinace valuaćı typu vol(·+rB1), r ≥ 0.
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Definice
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Kinematické formule

Důsledek (Santaló, Blaschke, Federer, Chern ∼ 1930s, 1940s)

Pro každé K , L ∈ K plat́ı

• Blaschkeovy kinematické formule:∫
SO(n)

µk(K ∩ ḡL) dḡ =
∑

i+j=n+k

ckij µi (K )µj(L), (11)

• aditivńı kinematické formule:∫
SO(n)

µk(K + gL) dg =
∑
i+j=k

dk
ij µi (K )µj(L). (12)

Konstanty ckij a dk
ij lze explicitně źıskat tzv. template metodou.
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Důsledek (Santaló, Blaschke, Federer, Chern ∼ 1930s, 1940s)
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Užitá integrálńı geometrie

• experimentálńı zjǐstěńı hodnoty č́ısla π (’Buffon needle problem’)

• hra v kostky (’Firey problem’)

11
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Algebraické struktury



Spojité translačně invariantńı valuace

Definice

Val := {spojité translačně invariantńı valuace na K}.

Věta (McMullen, 1977)

Val :=
n⊕

k=0

Valk , p̌ričemž Valn = Span{vol}. (13)

Důsledek

Val je (nekonečně-dimenzionálńı) Banachův prostor v̊uči

‖φ‖ := sup
K⊂B1

|φ(K )| . (14)

Věta (Aleskerovo řešeńı McMullenovy domněnky, 2001)

Span{vol(·+L); L ∈ K} je hustý podprostor ve Val.
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Valk , p̌ričemž Valn = Span{vol}. (13)
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12
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12



Alesker̊uv produkt

Definice

Bud’te L1, L2 ∈ K striktně konvexńı s hladkými hranicemi.

voln(·+L1) · voln(·+L2) := vol2n(∆(·) + L1 × L2). (15)

Věta (Alesker, 2004)

• (15) definuje komutativńı asociativńı distributivńı spojitý produkt na

Val∞ =
n⊕

k=0

Val∞k ⊂ Val,

• χ · φ = φ pro každé φ ∈ Val∞,

• Val∞k ·Val∞l ⊂ Val∞k+l .
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Abstraktńı Hadwigerova věta

Bud’ G ⊂ SO(n) kompaktńı podgrupa.

Definice

ValG := {φ ∈ Val;φ(gK ) = φ(K ) pro všechny g ∈ G a K ∈ K}.

Věta (Alesker, 2000)

dim ValG <∞ právě tehdy, když akce G na Sn−1 ⊂ Rn je tranzitivńı.

V takovém p̌ŕıpadě plat́ı ValG ⊂ Val∞ a dále ValG ·ValG ⊂ ValG .

Poznámka

Takové grupy jsou dob̌re známy:

• SO(n);

• U( n
2 ),SU( n

2 );

• Sp( n
4 ),Sp( n

4 )U(1),Sp( n
4 )Sp(1);

• G2,Spin(7),Spin(9).
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Poznámka
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dim ValG <∞ právě tehdy, když akce G na Sn−1 ⊂ Rn je tranzitivńı.
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Poznámka
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Definice

ValG := {φ ∈ Val;φ(gK ) = φ(K ) pro všechny g ∈ G a K ∈ K}.
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Takové grupy jsou dob̌re známy:
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Alesker̊uv produkt - p̌ŕıklady

Poznámka

µk · µl ∈ Val
SO(n)
k+l

= Span{µk+l}.

Tvrzeńı

µk · µl =

(
k + l

k

)
ωk+l

ωkωl
µk+l . (16)

Důsledek

ValSO(n) ∼= R[t]/(tn+1). (17)
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Důsledek

ValSO(n) ∼= R[t]/(tn+1). (17)
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Alesker̊uv produkt - p̌ŕıklady

Věta (Fu, 2006)

ValU(n) ∼= R[t, s]/(fn+1, fn+2), (18)

kde

ln(1 + t + s) =
∞∑
k=1

fk = t + (s − t2

2
) + (−st +

t3

3
) + · · · .

Věta (Kotrbatý, Wannerer, 2019)

ValSpin(9) ∼= R[t1, . . . , t12]/(jakýsi podivný ideál). (19)
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16



FTAIG

Poznámka

Zřejmě ValG =
⊕n

k=0 ValGk , kde ValGk = Span{vol}.

Věta (Bernig, Fu, 2006)

Bud’ {φ1, . . . , φN} báze ValG . Uvažujme následuj́ıćı matici M ∈ Rn,n:

Mij := (φi · φj)n.

Potom ∫
G

φk(K ∩ ḡL) dḡ =
n∑

i,j=1

(M−1)ij (φk · φi )(K )φj(L). (20)
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Zřejmě ValG =
⊕n

k=0 ValGk , kde ValGk = Span{vol}.
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Děkuji za pozornost!
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