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SUMMARY

It has been postulated that levels of fluctuating asymmetry in human faces may be negatively related to
components of fitness such as parasite-resistance; hence potential mates with low levels of asymmetry may
appear more attractive. However, previous investigations of the relationship between asymmetry and
facial attractiveness have confounded manipulations of asymmetry with facial “averageness” and mean
trait size. In this experiment we performed a manipulation that altered asymmetry within a face without
altering the mean size of facial features. These faces were then rated on attractiveness. Contrary to what
was pr'erlic;lﬁd,l faces that were made more symmetrical were perceived as being less attractive. [These
results do not support the hiypothesis that attractivencss s related to Tow Tevels ol TTuctuating asymmetry.
The observed positive relationship between asymmetry and facial attractiveness may be because eertain
facial fearures (including those contributing to attractiveness) in fact show directional asymmetry or
antisymmetry. Our manipulations thus render naturally asymmetric [catures symmetrical. This may T
make symmetric faces less attractive because of the reduction of natural directional asymmetrics, perbaps

making the faces appear unemotional. The role of fluctuating asymmetries alone in assessments of facial

beauty is still unknown, although this experiment suggests fluctuating asymmetry is relatively unimportant

compared with dircctional asymmetry.
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compared with dircctional asymmetry.

1. The problem
2. A heroic (ugly) proof of Jan Ubge's (2015)
3. A cowardly (beautiful) proof of ours (2018)



The problem

J. Ubge, J. Andersson, K. Jornsten, J. Lillestgl, & L. Sandal, Statistical testing of bounded rationality with
applications to the newsvendor model, European Journal of Operational Research 259 (2017), 251-261.

J. Ubge, A heroic proof, The Mathematical Intelligencer 37 (2015) 72-74.

The problem: Let a > 0 be a fixed parameter, and let
/:(0,00) — R be given by

p(ax) — qb(ﬂf-‘)
x(P(ax)+ O(x

where ¢(x) = e, ® / ¢ (u

J(x) =
(1)

Prove that / is decreasing if @ <1, and increasing it a > 1.



OK. I had plotted the function numerically for several
choices of the parameter, and the plots were looking good.
What remained was a rigorous demonstration. Starting to
think that the problem was maybe not so trivial after all, I
began to examine the expression in more detail to get an
idea of why the result should be true. By accident rather
than design, [ came to look at the Taylor series of

glx) = F'(x) - (x(D(ax) + Ox)))? -2 (2)

Mathematica can be used to inspect Taylor coefficients of
any fAinite order, and here are the first few terms:

glx) =%{aﬁ+3a“+2a3—2a2—3a—l}x5
2
15

+ 2 (30 +104° + 12a° + 5a* — 587 — 124 — 10a - 3)«7
(3174 + 11554° + 18604’ + 18204° + 798a° — 7984" — 1820a° — 1860a” — 1155a — 317)x’

The heroic proof

J. Ubge, A heroic proof, The Mathematical Intelligencer 37 (2015) 72-74.

where [ used the binomial formula and integrated term by
term. In principle it is dead easy, save for the fact that there
are several such terms and at some stage these terms must
be patched together. After more time than I'd like to admit,
I ended up with the following expression:

n=1

glx) = i (2"24-3 bta*) K3,
=0

(3)

+
+0O(x").

1260

The odd-order coefficients are given by
2(n -2 42)

b=

(©)

o, o 2 T4+ (=D*2(n4+1 —k) +1 =218
AL Bn+1-&)2k+1)

" E(—l)'(?‘"“(ﬂ*kJr 1) 24! — oIk ()i

Miraculously, Mathematica reported the following relation

dygy —dpy=—2" +(2+2° + k) /al[3/2+ k]  (15)

2 Ak —D)(n+ 1—EN(2i+1)

(=N (2 nt 1) 2 1
E’Z””‘Z; @it )i +at1) Yoo

®)
and the even-order coefficients follow from the odd via
b = —byip_gyes

If I could prove that the first half of these coefficients are
negative, and the second half positive, (9) would imply that
the special symmetry [ observed in (3) is true in general.
Ohbviously b, is negative for all r, but the rest seemed like a
completely lost cause. The formula for g looked kind of
cute, but a valid proof was as far out of reach as ever.
Several days passed unril 1 used Mathematica to simplify the
expression in (7) to

0<k<atl ©)

20 (YTl + 1) (=27 )R — 2Tk + 3/2) (228 (4, — & 3/2 1) (2k —2n - 3) - 1))

+%l‘i3f2+ B(14+ 2k 4+ (1+ 28)% A (1, —k,3/2,—1) (16)

+4(3 4+ 2k),F1(2,—k, 3/2,-1)) = O (17}

Itisclear from the definition of 2/ tharallthe terms in (16) and
(17) are positive, and the kst term in (15) is larger than 2%,
Because dy =% >0, di > 0 for any & follows. As for the
remainingterm eg, I could use Mathematica to simplify itto the
form

i+ 1))
(18)

& 921 4
e = —2VAlR +k] + B /2 + k](l +3y 0 _J!e!zZ i )
=0

ROk +3/2)(—k+n+1)! d

(10)
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+0O(x").

[ will not claim that the result is very important; it is

probably not.

Nevertheless 1 think the proofl is quite

remarkable. It is done using an almost impossible approach,
and is completed successfully against all odds. In more than
one sense this proof reflects how mathematics was done in
“the old days,’and I am quite sure that Euler would have
liked this proof. On the other hand there are some transitions

The odd-order coefficients are given by
2(n -2 42)

b=

(©)

2+ 14 (=1)*2(n+1 —k) +1 — 218
Ein+1-k)2k+1)

bausy =

" E(—l)'(?‘"“(ﬂ*kJr 1) 24! — oIk ()i
=0

Miraculously, Mathematica reported the following relation

dygy —dpy=—2" +(2+2° + k) /al[3/2+ k]  (15)

Bk — i n+ 1— k)2 +1)

A—itn+1)4 270 g 1
eM—Z‘ (zi+ : .

Wi+ a+ 1) Yoo
(8)

and the even-order coefficients follow from the odd via
by = —byp_yyi3

If I could prove that the first half of these coefficients are
negative, and the second half positive, (9) would imply that
the special symmetry [ observed in (3) is true in general.
Ohbviously b, is negative for all r, but the rest seemed like a
completely lost cause. The formula for g looked kind of
cute, but a valid proof was as far out of reach as ever.
Several days passed unril 1 used Mathematica to simplify the
expression in (7) to

0<k<atl ©)

27 (k4 1)(— 2" k! —

2Tk +3/2)(2%R (5, -3/ (20— 2n—3) - 1))

+%l'[3f2+ B(14+ 2k 4+ (1+ 28)% A (1, —k,3/2,—1) (16)

+ 4(3 + 2k),F (2, —k 3/2,-1)) > 0. an

Itisclear from the definition of 2/ tharallthe terms in (16) and
(17) are positive, and the kst term in (15) is larger than 2%,
Because dy =% >0, di > 0 for any & follows. As for the
remainingterm eg, I could use Mathematica to simplify itto the
form

e =—2vATR + k] +[B/2+ Ie](l “’Z = ;ll(zzz::r . )
(18)

(10)

ROk +3/2)(—k+n+1)!




OK. I had plotted the function numerically for several
choices of the parameter, and the plots were looking good.
What remained was a rigorous demonstration. Starting to
think that the problem was maybe not so trivial after all, I
began to examine the expression in more detail to get an
idea of why the result should be true. By accident rather
than design, [ came to look at the Taylor series of

glx) = F'(x) - (x(D(ax) + Ox)))? -2 (2)

Mathematica can be used to inspect Taylor coefficients of
any fAinite order, and here are the first few terms:

glx) =%{a-”+3a“+2a3—232—3a—1}x5
2

+—(3a’+ma6+12a5+ sa* —5a® — 124 — 10.-;—3)::’

The heroic proof

J. Ubge, A heroic proof, The Mathematical Intelligencer 37 (2015) 72-74.

where [ used the binomial formula and integrated term by
term. In principle it is dead easy, save for the fact that there
are several such terms and at some stage these terms must
be patched together. After more time than I'd like to admit,
I ended up with the following expression:

n=1

glx) = i (2"24-3 bta*) Xt
=0

The odd-order coefficients are given by
2(n -2 42)

b=

(©)

b+ 14 (=1)*2n+ 1 —k) +1 2%
Ein+1-k)2k+1)

bausy =

Miraculously, Mathematica reported the following relation

dygy —dpy=—2" +(2+2° + k) /al[3/2+ k]  (15)

" E(—l)'(?"“(ﬂ*kJr 1) 24! — oIk ()i

Bk — i n+ 1— k)2 +1)

=0

(=N (2 nt 1) 2 1
bz””‘;: @it )i +at1) Yoo
(8)

and the even-order coefficients follow from the odd via
by = —byp_yyi3

If I could prove that the first half of these coefficients are
negative, and the second half positive, (9) would imply that
the special symmetry [ observed in (3) is true in general.
Ohbviously b, is negative for all r, but the rest seemed like a
completely lost cause. The formula for g looked kind of
cute, but a valid proof was as far out of reach as ever.

0<k<atl ©)

+%l'[3f2+ B(14+ 2k 4+ (1+ 28)% A (1, —k,3/2,—1) (16)

+ 4(3 + 2k),F (2, —k 3/2,-1)) > 0. an

Itisclear from the definition of 2/ tharallthe terms in (16) and
(17) are positive, and the kst term in (15) is larger than 2%,
Because dy =% >0, di > 0 for any & follows. As for the
remainingterm eg, I could use Mathematica to simplify itto the
form

& 921 4
e = —2VAlR +k] + B /2 + Ie](l +3y 0 _Jh!zZ i .)
=0

15 (3] Several days passed unril 1 used Mathematica to simplify the 2i + 1)
e ssion i (7) to
N (3174° + 11554 + 1860a” + 1820a° + 7984° — 7984" — 1820a° — 18604* — 1155a — 317)x° = ‘ (18
1260
274 (ymll + 1) (- 2"k — 2Tk + 3/2)(2%R (L, - & 3/2,) (2 — 20— 3) - 1))
+ O(xm}' Bk +3/2)(—k+n+1)! d o)
- - -
Epilogue

[ will not claim that the result is very important; it is
probably not, Nevertheless 1 think the proof is quite
remarkable. It is done using an almost impossible approach,
and is completed successfully against all odds. In more than
one sense this proof reflects how mathematics was done in
“the old days,’and I am quite sure that Euler would have
liked this proof. On the other hand there are some transitions

A few weeks after the completion of the foregoing
proof, my coauthors and I found a completely different and
more efficient way of achieving these results. Our new
proof is still relatively long and complicated, and the two-
line demonstration is yet to appear. I am convinced that a
very short proof is lurking around somewhere, so if any-
body finds it, please let me know.
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Bernd Kawohl studied mathematics in Darmstadt, Ann Arbor and Prague and has taught at Brown Univ.,

Heidelberg, Georgia Tech., Erlangen, Carnegie Mellon and Cologne. Geometric properties of functions such as
monotonicity and symmetry have been his leitmotif, but he has also a continued interest in the history of mathe-
matics. His next project will be a paper on Stefan Cohn-Vossen. He looks forward to his retirement this summer

because it will give him more time for his gandchild and for his hobby, singing with mgv-eufonia. (2018)
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o) o _Olaz) — 0(2)
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¢lax) — P(x)

h(x) () (CID ar) + P(x ) fz) = e ;
( a:qb’(a ) — xd (x ))( (az) 4+ P(x)) B _(;)( ) + ®(z))
-~ (6(az) - 6(2)) (B(az) + B(x) o) =
— (¢(az) - 6(x)) (azd(az) + z¢(w)) o(z) = | é(u)du
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R—— )
~ (a2 (az) — 24/ (0 >)( (az) + ()
— (¢(az) — ¢(z)) (P(az) + B(x)) Pa) =
— (#(az) — ¢(2)) (axg(azx) + z¢(x)) ®(x) := : ¢(u) du

axd/(ax) —xd/(x) = =2 (a*2°¢(az) — 2*d(x)) = =2 L " (@) du
=7 " u(u) du+ 4 / " () du
= wotu) du-+ 4 [ uP$(u) du
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R—— )
~ (a2 (az) — 24/ (0 >)( (az) + ()
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= wotu) du-+ 4 [ uP$(u) du

(ax) + ®(x /_xgb
:/qu’u du:—z/juqs(u) du,

arp(az) + xd(x) = /_ Cj(m(u))’ du = /_ C:E o(u) du — 2 /_ Cj uw?d(u) du.



The cowardly proof I

B. Kawohl & D.K., From Symmetry to Monotonicity, The Mathematical Intelligencer 40 (2018) 12-13.

h(z) =4 ( /_ Cj w3 p(u) du) ( j o(u) du) —4 ( /_ Cj wg () du) ( /_ Cj u?d(u) du)



The cowardly proof I

B. Kawohl & D.K., From Symmetry to Monotonicity, The Mathematical Intelligencer 40 (2018) 12-13.
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=[] et o) Fuw) dude P, 0) = 40 — ue?)
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- ta0e) [ o) )
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/_x /_x Hlu) $lv) Tlu, v) dudy [(u,v) = 4(u® — w?)
L.

o(u ,u) dudv

X
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h(z) =4 ( /_ - w3 p(u) du) ( j o(u) du) —4 ( /_ Cj wg () du) ( /_ Cj u?d(u) du)

=[] et o) Fuw) dude P, 0) = 40 — ue?)

_ /_ " _w b(1) 6(v) T(v, 1) du dv

_ /_ " _w (1) 6(v) T(v,u) dudy I, v) = !

['(u,v) = —T'(—u, —v)

odd symmetry w.r.t. the diagonal {v = —u} & positivity above it

e ¢ = 1 = domains of positivity and negativity of I" are equilibrated = [/ =0= f =0
e ¢ > 1 = domain of positivity of I" outweighs the one of negativity = ' > 0= f
e a < 1 = domain of negativity of I' outweighs the one of positivity = f' <0 = [\,

g.e.d.



Graphical illustration

I'(u,v) =2 (u+v)(u—v)?

Breaking the symmetry of the green square yields monotonicity.
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Open problem: ; more general setting ?
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