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Relativistic point interactions

Dirac operator

Hm = −i d

dx
⊗ σ1 + m ⊗ σ3

Dom(Hm) = W 1,2(R)⊗ C2
(1)

σ1 =

(
0 1
1 0

)
, σ3 =

(
1 0
0 −1

)

Rz(x , y) =
i

2
(Z(z) + sgn(x − y)σ1)eik(z)|x−y | (2)

where

Z(z) =

(
ζ(z) 0

0 ζ−1(z)

)
,

ζ(z) =
z + m

k(z)
and k(z) =

√
z2 −m2, Imk(z) ≥ 0.
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Relativistic point interactions

Point interactions for a Dirac operator

Ḣψ = Hmψ
Dom(Ḣ) = {ϕ ∈ Dom(Hm) | ϕ(0) = 0}

Self–adjoint extension of Ḣ [S. Benvegnu, L.Dabrowski 1994 [5]]

HAψ = Hmψ

Dom(HA) = {ϕ ∈W 1,2(R\{0})⊗C2 | (2i−σ1A)ϕ(0+) = (2i+σ1A)ϕ(0−)} (3)

A = A∗

In a distribution sense [R.J.Huges 1999 [7]]

HAψ = −i d

dx
⊗ σ1ψ + m ⊗ σ3ψ + Aψ(0)δ (4)
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Convergence of unbounded operators

Convergence of unbounded operators

Definition

Let (An)n>0 and A be unbounded operators.

An converge to A in norm resolvent sense, if for all z ∈ ρ(A),
∀n ∈ N, z ∈ ρ(An) and resolvent RAn(z) converge in operator norm to
the resolvent RA(z).
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Approximations

Approximations of relativistic point interactions

HA
ε = Hm + Vε ⊗ A, A = A∗

Vε
ε→0+→ δ

Vε =
1

ε
v(x/ε) Vε =

1

ε2
|v(x/ε)〉〈v(x/ε)|

Renormalization Without renormalization

[Hughes 1997,1999 [6, 7],Tusek 2019 [4]] [L.Heriban 2020 [1]]

v ∈ L1(R) ∩ L2(R),
∫
R v = 1

Formal limits

HAψ = −i d

dx
⊗ σ1ψ + m ⊗ σ3ψ + Aψ(0)δ (5)
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Generalization of relativistic point interactions

Generalization of the result

HA
ε = Hm +

1

ε2
|v(x/ε)〉〈v(x/ε)| ⊗ A

A =

(
a b
c d

)
, a, b, c , d ∈ C

Formal limits

HAψ = −i d

dx
⊗ σ1ψ + m ⊗ σ3ψ + Aψ(0)δ (6)

Definition (General relativistic point interactions)

HAψ = Hmψ,A ∈ C2,2

Dom(HA) = {ϕ ∈W 1,2(R \ {0})⊗ C2 | (2i − σ1A)ϕ(0+) = (2i + σ1A)ϕ(0−)}
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Generalization of relativistic point interactions

Theorem

Let the matrix A in the definition of the Dirac operator with the non–local
potential be any complex matrix and z ∈ C \ {(−∞,−m] ∪ [m,+∞)}
such that matrix

(I +
i

2
AZ(z))

is invertible. Then the resolvent of the non–local potential converge in the
operator norm to the bounded integral operator

RA
z (x , y) = Rz(x , y)− Rz(x , 0)(I +

i

2
AZ(z))−1ARz(0, y). (7)
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Generalization of relativistic point interactions

From resolvent formula we obtain resolvent of HA
ε in the form of bounded

integral operator

RA
z,ε(x , y) =

= Rz(x , y)−
∫
R2

Rz(x , εt1)(I + 〈vε|ARzvε〉)−1|v〉〈v |(t1, t2)ARz(εt2, y)dt1 dt2.

(8)

Point–wise limit

RA
z,ε

ε→0+→ RA
z := Rz(x , y)− Rz(x , 0)(I +

i

2
AZ(z))−1ARz(0, y) (9)

‖RA
z,ε − RA

z ‖HS
ε→0+→ 0
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Generalization of relativistic point interactions

Theorem

Let the matrix A be any complex matrix and
z ∈ C \ {(−∞,−m] ∪ [m,+∞)} such that

(I +
i

2
AZ(z))

is regular matrix. Then the operator

RA
z = Rz − Rz(x , 0)(I +

i

2
AZ(z))−1ARz(0, y) (10)

is the resolvent of the operator HA .
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Spectrum of relativistic point interactions

Spectrum of relativistic point interactions

−iσ1
d

dx
ψ + mσ3ψ = zψ,ψ ∈ DomHA

d

dx
ψ = i

(
0 z + m

z −m 0

)
ψ.

(11)

ψ(x) =

(
ψ1(x)
ψ2(x)

)
=

(
cos(k(z)x) iζ(z) sin(k(z)x)

iζ−1(z) sin(k(z)x) cos(k(z)x)

)(
C1

C2

)

(2iσ1 − A)ψ(0+) = (2iσ1 + A)ψ(0−)

Non–trivial solution if and only if

0 = det(2I + iAZ(z)) = 4 + 2itr(AZ(z))− detA

Lukáš Heriban (FNSPE CTU) May 2021 11 / 17



Spectrum of relativistic point interactions

Theorem

Let A be any complex matrix. Then

σ(HA) \ {(−∞,−m] ∪ [m,+∞)} = σp(HA) \ {(−∞,−m] ∪ [m,+∞)}

and z ∈ C \ {(−∞,−m] ∪ [m,+∞)} is in the spectrum of the operator
HA if and only if z satisfies following equation

4 + 2itr(AZ(z))− detA = 0. (12)
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Spectrum of relativistic point interactions

Spectral transition

If

A =

(
0 b
c 0

)
, b, c ∈ C

0 = 4 + 2itr(AZ(z))− detA = 4− detA

detA 6= 4⇒ σp(HA) = ∅
detA = 4⇒ σ(HA) = C
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Pseudospectrum

A =

(
0 (δ + 2)b
δ−2
b 0

)
, δ > 0, b ∈ R (13)

Theorem

For all ε > 0 and every z ∈ C) there exists δ > 0 such that
z ∈ σε(HA) = {z ∈ C | ‖RA

z ‖ > ε−1}.

‖RA‖ = ‖Rz − Rz(x , 0)(I + i
2AZ(z))−1ARz(0, y)‖ ≥

≥ 1

δ2

1√
2|z −m|1/4|z + m|1/4

e−
√
|z−m||z+m|

4 − 1

dist(z , σ(Hm))
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Conclusion

HA
ε = Hm +

1

ε2
|v(x/ε)〉〈v(x/ε)| ⊗ A

HA = Hm on domain

DomHA = {ψ ∈W 1,2(R\{0})⊗ C2 | (2iσ1 + A)ψ(0−) = (2iσ1 − A)ψ(0+)}

HA
ε

NR→ HA without renormalization

Spectrum: z ∈ σp(HA)↔ 0 = 4 + 2itr(AZ(z))− detA
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Conclusion

Thank you for your attention
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