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PT -symmetric QM

Definition (P7-symmetry)
Let H := L?(R") be the Hilbert space, H arbitrary operator on .
We say H is PT-symmetric if it satisfies

[PT,H] =0,

where P1(x) := ¥(—x) and T(x) := 9(x), for all th € H is the
space-reversal and the time-reversal operator, respectively.

o Carl M. Bender and Stefan Boettcher, 1998
d? .3 . 5
e + ix in L*(R)

o Ali Mostafazadeh, 2002
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Quasi-Hermitian QM

Definition (Metric operator)

We say positive bounded operator © with bounded inverse is
a Metric operator for the given operator H on the space H if it
satisfies

OH = H*®.

Such operator is then called quasi-Hermitian or quasi-self-adjoint.

e F. G. Scholtz, H. B. Geyer and F. J. W. Hahne, 1992

e For every Q € B(H) such that © = Q*Q the operator
h:=QHQ™ ! is similar to H and self-adjoint.
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Let H be an operator with purely discrete spectrum. Then H is
quasi-self-adjoint, if and only if the eigenvectors of its adjoint,
denoted as (¢n),—,, form a Riesz basis.

\,

Definition (Riesz basis)

o0

A sequence (¢n)—q C H is said to be Riesz basis for 7 if it is an
image of some orthonormal basis (e,);-, under bounded and
boundedly invertible linear transformation T.

.

©:=> ¢n(n-), Q:=> en(¢n ).
n=0
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The model H,

Given any real positive number d, we consider the Hilbert space
H := L%(0,d) and for every a € R we define the operator H,, on
the Hilbert space H as

Hotp = —” in (0,d), (1)

¢'(0) + iap(0) =0,  ¥'(d) +iarp(d) =0, (2)
with its operator domain

Dom(H,) := {1 € W?2(0,d) | ¢ satisfies (2)}.

e Krejcifik, Bila and Znojil, 2006
e For the value @ = 0 and oo = oo we obtain (for a = oo only
formally) Neumann and Dirichlet Laplacian, respectively, i.e.

Ho = —Ap, Hy = —Ap.
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Theorem (Krejcifik, 2008)

Metric operator for H, exists, if and only if a # =7 for all n € Z
and it is given as

ea:H+Kaa

where K, is a Hilbert-Schmidt integral operator with the kernel IC,,
given by

Kaly) = 30T () — 5 + a2Go(x,)

—ia (y—x +sgn(y — x)> .
d
x(d—y)

where Gp = g for 0 < x < y < d, with x, y exchanged
forx > y.
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Spectral properties

o Spectrum: o(Ha) = {@®} U{k2 | n € N} with k, := 2.
e Eigenfunctions: (Hy — Ap) 9% =0, (H: = An)oS =0

0500 = Ao 0500 = An (w00 - 10800,
0500 = B, 030 = B () + i)

where

N(x) = \/3 cos(knx), D(x) = \/S sin(knx).
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e Generalized eigenfunctions:

a a . a . 1 1 ikmx o —ikmx
(Ha - )\n) gn - )‘nqvbn : gm = A02km ( 2kme + Ixe > )
(H*_)\)ai)\wa. a._ B 1 _1 fikmx_l-xikmx
a n)Nh = An¥p - Nm = 02km Tkme (s .

e Exists only if « = kp, for some m € N.
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Theorem (Krejcitik, Siegl and Zelezny 2014)

For all a € R, eigenfunctions of H together with generalized
eigenfunctions of H; form a Bari basis.

Definition (Bari basis)
A sequence (¢n)p—o C H is said to be a Bari basis for # if there is
an orthonormal basis (e,),~, such that

(e, 9]
= lén— enll® < oo,
n=0
and for every complex sequence (a,)52, C C

Za,,gb,,:O:>oz,,:O, Vn € Np.
n=0
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Theorem (Krejcirik, Siegl and Zelezny, 2014)

Let o # I for every n € Z. Then there exists Q € B(H) such that
Q! € B(H) and the transformed operator h, := QH, Q7! satisfies

he = Hy + oz2¢(l)v (111(’)\’, ) with 1[1(’)V(X) =4/ =

Qs N i_ojoi/),l,v(%,‘)
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New results

Theorem (Similar self-adjoint operator corresponding to the
Dirichlet basis)

Let aw # kp, for every n € Z. Then there exists Qp € B(H) such

that Q' € B(H) and the transformed operator hY = QpH.Qp!
satisfies

o = [(—ap)? — klr +a2yP (¢1D, ) .
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New results

Theorem (Similar operator for the exceptional points)

Let o = ky for some n € 7. Then there exist Q,Qp € B(H) such

that Q~ ,QD € B(#H) and the transformed operators
hy, = QH, Q1 and h? = QDHaQ51 satisfy

ha = Ho + o*¥/ [(1#07 )+ (wflvv"ﬂ
2= [(-80)t k] +?uf [(vP.") + (7))
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e For the Neumann orthonormal basis (/)) "  we define

Q= Zo YN (¢2,-) with a = ky, for some m € N. Then

0t = 3 0y (W8] o (6. ) 4 05 () — v (02,
n=2

@ = Yo (v
n=0

where o : Ng — Nj is a transposition of elements 1 and m.
e Further we introduce the unitary operator

U= §0 W01 (W) s by P,
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H,, in the Dirichlet basis

hg = QDHQ(QD)_]' = UQNHa(QN)_l U_l
= U(-An)U™" + o Uy («pé", U )

=2 K U (¥P0:) + 2P (P,

—Zk PR ) + o (vP,)

=Zk3 YPWE, ) — 2k Y ke ¥R (WP, ) + K2 Zw,?(w
n=1 n=1

+ a2¢1D (%D, )
= [(*AD)% - kl]lr +a’yp (lbf)a )
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Degenerate spectrum

e Let a = ky, for some m € N, then for ¢, 9 € Dom(—Ay) we
have

(¢7 ha'lﬂ) = (¢7QHmQ_1¢) =
/
= lim (H3, 86, ;w;‘(n) (080 0) + s (08, )

+ g (v w) — v (vh0))

= (6, (—an)y + kg v [ (vl 0) + (uh.0)]).
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