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2-D Dirac operator with infinite mass boundary conditions

Cauchy-Riemann differential expressions

9, = %(al _id) and 8= %(al +ids)

First-order Dirac differential expression

0 —2id,
DZ(—zaE 0 )

Q C R? - bounded, simply connected, C*-smooth domain.
v = (v1,12)":0Q — R? - outer unit normal

Dqu:=Du, dom DQ::{u € Hl(Q,(Cz): o =i(r1 + i1/2)u1|39} .
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2-D Dirac operator with infinite mass boundary conditions

Proposition (Benguria-Fournais-Stockmeyer-Van Den Bosch-17)

Dq is self-adjoint in L2(S, C?).

(i) 0 ¢ o(Dq).

S -BQ) S -HQ)<0<E(Q)<EQ) <.

(i) The spectrum of Dq is discrete and symmetric with respect to zero. J

Principal eigenvalue
E1(S2) := inf(c(Dq) N R4 ) describes the size of the spectral gap.

We are interested in relation between E;(£2) and the shape of Q.
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A lower bound on the principal eigenvalue

Theorem (Benguriaet. al.-17, Raulot-06)

27
E]_(Q) > \/% (*)

Not intrinsically Euclidean: Ej(D) ~ 1.4347 and ,/‘%T' =2~ 1.4142

The Dirac operator Dg can be defined on 2-manifolds with boundary. J

S. Raulot proved that the equality in (x) is achieved iff Q is a hemisphere.

Faber-Krahn inequality among planar domains?

Ei(Q2) > | /|%|E1(ID)), (equality iff Q is a disk)

In other words, among all planar domains of fixed area the disk
minimizes the principal eigenvalue of Dq.
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Szeg6-type inequality

Theorem (Antunes-Benguria-VL-Ourmiéres-Bonafos-20)

with equality if and only if Q is a disk.
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Theorem (Antunes-Benguria-VL-Ourmiéres-Bonafos-20)
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Szego-type inequality

Theorem (Antunes-Benguria-VL-Ourmiéres-Bonafos-20)

09|
(rr? +191)
with equality if and only if Q is a disk.

E1(Q2) < E1(D),

s
N
| \

Szegd inequality for the Dirichlet Laplacian

109
<
A(Q) < 2ri|Q|)‘1(D)’

Theorem (Stronger version, ABLO-20)

109 + /10912 + 8xEy(D)(Ex(D) — 1)(w 72 + 22])
2(rrZ + 19))
with equality if and only if Q is a disk.

E1(2) <
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the first component only. We use the notation n = vy + ivs.

V. Lotoreichik (NPI CAS) Szegb inequality for Dirac 16.06.2021 11/19



Informal derivation

The aim is to derive a spectral problem equivalent to the one for Dg for
the first component only. We use the notation n = vy + ivs.

(u,v)T € dom Dq — eigenfunction associated with the eigenvalue E > 0. J

V. Lotoreichik (NPI CAS) Szegb inequality for Dirac 16.06.2021 11/19



Informal derivation

The aim is to derive a spectral problem equivalent to the one for Dg for
the first component only. We use the notation n = vy + ivs.

(u,v)T € dom Dq — eigenfunction associated with the eigenvalue E > 0. J

In ©, the eigenvalue equation reads

—2i0,v = Eu, —2i0zu = Ev.

V. Lotoreichik (NPI CAS) Szegb inequality for Dirac 16.06.2021 11/19



Informal derivation

The aim is to derive a spectral problem equivalent to the one for Dg for
the first component only. We use the notation n = vy + ivs.

(u,v)T € dom Dq — eigenfunction associated with the eigenvalue E > 0. J

In ©, the eigenvalue equation reads
—2i0,v = Eu, —2i0zu = Ev.

Assume that these identities are true up to 902 & use that v=inu on 0Q:

—49,05u = E?u, in Q *)
*
nozu+Su=0, on 99

V. Lotoreichik (NPI CAS)

Szegd inequality for Dirac 16.06.2021

11/19



Informal derivation

The aim is to derive a spectral problem equivalent to the one for Dg for
the first component only. We use the notation n = vy + ivs.

(u,v)T € dom Dq — eigenfunction associated with the eigenvalue E > 0. J

In ©, the eigenvalue equation reads
—2i0,v = Eu, —2i0zu = Ev.

Assume that these identities are true up to 902 & use that v=inu on 0Q:

—40,05u = E2u, in Q
ﬁ@gu—l—%uzo, on 0

The spectral problem (%) is equivalent

—Au= F?%u in Q,
Opu+i0:u+ Eu=0 on 09,
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Rigorous formulation

Quadratic form
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Rigorous formulation

Quadratic form

42 olu] ::4/ |0z ul?dx — E2/ \u\zdx+E/ lu|?ds,
’ Q Q o
dom q%o = C>(Q).

For E > 0, qgo is bounded below with dense domain and we consider g%
the closure in L%(Q) of q2.

,uQ(E) = inf q%[u]

uedom g2\ {0} [q [u|?dx
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Rigorous formulation

42 olu] ::4/ |0z ul?dx — E2/ \u\zdx+E/ lu|?ds,
’ Q Q o
dom q%o = C>(Q).

For E > 0, qg’o is bounded below with dense domain and we consider g%
the closure in L%(Q) of q2.

Q
Q : qglu]
w(E):= inf —_—
( ) uEdomqg\{O} fQ ‘UPCIX

Theorem (Non-linear variational characterization of E;(Q2))

E > 0 is the first non-negative eigenvalue of Dq if and only if i*(E) = 0.
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Properties of f}(E)

Proposition

@ 1% is a continuous and concave function on R

@ 12(0) = 0 and there exists EZ > 0 s.t. u®(E)>0 for all E € (0, E{).
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Test function

O 0 € Q is such that ;, = minyepq |x| is the inradius.
@ f: D — Qis a conformal map such that f(0) =0

Jo and J; — Bessel functions. J
E1(D) is the smallest positive root of Jo(E) = J1(E). ]
For x € D, consider up(x) = Jo(E1(D)|x]) € HY(D) C dom qﬂgl(D). J

An eigenfunction of Dy associated with E;(DD)

X1+ ixo

u(x) = (UO(X), 'TJl(El(D)\X\))T

For x=(x1,x2) € Q, vo(x1, %) =uo(f 1 (x1+ix2)) € H(Q) C dom q J
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Estimate of p(E) |

By the min-max principle, there holds

a2[vo] ||VV0||%2(Q) + EHVOH%Z(BQ)

/’LQ(E) < - E27

N HVOH%2(Q) B HVOH%2(Q)

where we used that vy is real-valued to get ”VVOH%Q(Q):4|‘82V0‘|%2(Q)'
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Estimate of p(E) |

By the min-max principle, there holds

g < gl _ [Vvolizzg) + Ellvollzzon)
N HVOH%2(Q) HVOH%2(Q)

_ F2

where we used that vy is real-valued to get ”VVOH%Q(Q):4"82V0‘|%2(Q)'

e

IVl @y = [V solay = 2nEx(D)? [ A(EL(D)rYrdr
= 2mh(E:(P))*E(D) (E:(P) — 1)
1vollZ2(a0) = 1092 Jo(E1(D))
vl > ol (D) (rr? +12)
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Estimate of p(E) Il

Polynomial
P(E) := —E?(nr? 4+ |Q|) + E|0Q| + 27 E1(D)(E1(D) — 1).
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Estimate of p(E) Il

Polynomial

P(E) := —E2(nr2 + |Q|) + E|09Q| + 27 £y (D) (E(D) — 1).

P(E)

Q
Ey< —————2
e )_wri2+|§2|

(final estimate)
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P(E) has positive discriminant and one positive root

109+ /1092 + 87 E1(D) (Ey(D) — 1) (w12 + |2)
T 2(mr? +1Q])
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P(E) has positive discriminant and one positive root

109+ /1092 + 87 E1(D) (Ey(D) — 1) (w12 + |2)
T 2(mr? +1Q])

Hence, we conclude from the final estimate that

P( Ecrit )

D Fait) g,
w2 + Q|

NQ ( Ecrit ) <
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P(E) has positive discriminant and one positive root

09| + /092 + 87 E1(D) (E2(D) — 1) (w2 + |2])
2(wr + Q) '

crit +=

Hence, we conclude from the final estimate that

P( Ecrit )

Q
Eerit) < ——=2 =
) S e

0.

Remembering the properties of 12(E) we end up with

E1(Q) < Eqit

by which the proof is complete.

V. Lotoreichik (NPI CAS) Szegd inequality for Dirac 16.06.2021



Thank you

V. Lotoreichik (NPI CAS) Szegd inequality for Dirac



@ P. Antunes, R. Benguria, V.L., T. Ourmiéres-Bonafos,
A variational formulation for Dirac operators in bounded domains.
Applications to spectral geometric inequalities,
to appear in Comm. Math. Phys..
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Thank you for your attention!
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