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Domain truncation for T = − d2

dx2 + ix3 on L2(R)
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Figure: Real part of the spectrum of Tn

truncated to L2((−sn, sn))
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Figure: Imaginary part of the spectrum
of Tn truncated to L2((−sn, sn))

Bender, Boetcher 1998 [3]: introduction of the problem, real spectra

− d2

dx2
+ (ix)N , N ≥ 2

Boegli, Siegl, Tretter 2017 [4] - domain truncations is spectrally exact

Günther, Stefani 2019 [9]: description of diverging eigenvalues for
N = 2k − 1, k ∈ N (analytic WKB and Stokes graph analysis).
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Brown, Marletta 2004 [5]: truncation of 2D radial potential

T = −∆D + (1 + 3i)(x2 + y 2), on L2(R2 \ B1)

Tn = −∆D + (1 + 3i)(x2 + y 2), on L2(Bsn \ B1)
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Decomposed to 1D problems

Tn,l = − d2

dr 2
− 1

r

d

dr
+ (1 + 3i)r 2 +

l2

r 2
, r ∈ [1, sn], l ∈ N
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Enhanced dissipation: Tg = − d2

dx2 + x2 + igf (x) on L2(R)

fluid mechanics, behaviour of inf Re(λ)

Gallagher, Gallay, Nier 2009 [8], Schenker 2011 [10]:
f (x) = 1

1+|x|κ , κ > 0
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Figure: Real part of the spectrum of Tg

for f (x) = 1
1+|x|κ with κ = 3.15
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Figure: Imaginary part of the spectrum
of Tg for f (x) = 1

1+|x|κ with κ = 3.15
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PT -symmetric phase transition

Baker, Mityagin (2020) [1]:

− d2

dx2
+ x2 + ig(δ(x − b)− δ(x + b))

Caliceti, Graffi (2014) [6]:

− d2

dx2
+

x2M

2M
− g̃

xM−1

M − 1
, g̃ ∈ C, M = 2, 4, 6, . . .
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Figure: Real part of the spectrum for
g̃ = ig ,M = 2
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How to describe such diverging eigenvalues?
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Example of transformations: T = − d2

dx2 + ix3 , acting in L2(R)

Domain truncation (spectrally exact approximation of T )

Tn = − d2

dx2
+ ix3 , Dom(Tn) = {f ∈W 2,2(−n, n) : f (±n) = 0}

Translation1 x → x − n, unitary op. (N f )(x) = f (x − n)

NTnN−1 = T̃n = − d2

dx2
+ i(x − n)3 , acting in L2((0, 2n))

Scaling x → nαy unitary op.,
R : L2((0, 2n))→ L2((0, 2n1+α)) : f (x) 7→ n−α/2f (xn−α)

RT̃nR−1 = n2α

[
− d2

dy 2
+ i(n5αy 3 − 3n4α+1y 2 + 3n3α+2y − n2α+3)

]

1Idea from Beauchard, Helffer, Henry, Robbiano 2015 [2]
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Choice of α = −2/3

S̃n = n4/3
[
Sn − in5/3

]
, acting in L2((0, 2n1/3))

where

Sn = − d2

dy 2
+ 3iy + in−10/3y 3 − 3in−5/3y 2

Sn converges to the Airy operator on half-line

S = − d2

dy 2
+ 3iy , Dom(S) = {f ∈W 2,2(R+) : xf ∈ L2(R+), f (0) = 0}

σ(S) = {νk}k∈N =⇒ νk + rk,n ∈ σ(Sn), ∀n > nk

EVS of Tn: as Tn = N−1R−1[n4/3(Sn − in5/3)]NR

λk,n = n4/3(νk + rk,n︸ ︷︷ ︸
∈σ(Sn)

−in5/3), as n→∞

convergence of isolated eigenvalues of Sn → S?
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Assumption

Suppose that

1 domains {Ωn}n∈N∗ ⊂ Rd are open and non-empty, Ω∞ is unbounded and
(not necessarily bounded) domains {Ωn} ⊂ Ω∞ exhaust Ω∞ as n→∞;

2 potentials Qn ∈W 1,∞
loc (Ωn) with ReQn ≥ 0, n ∈ N∗, satisfy uniformly

∃ε∇ ∈ [0, εcrit), ∃M∇ ≥ 0, ∀n ∈ N∗, |∇Qn| ≤ ε∇|Qn|
3
2 +M∇ a.e. in Ωn,

(1)
For self-adjoint case εcrit = 2 (Everitt, Giertz 1978 [7]) . For
non-self-adjoint case εcrit ∈ [2−

√
2, 2], where 2−

√
2 ≈ 0.5857 ;

3 operators Tn = −∆ + Qn in L2(Ωn) are introduced via quadratic forms tn,
n ∈ N∗ and cut-offs {ξn}n∈N, ξn : Ω∞ → [0, 1], χΩn (x)ξn(x) = ξn(x) are
such that

sup
n∈N

(‖|∇ξn|‖L∞ + ‖∆ξn‖L∞) <∞. (2)

Furthermore
∀fn ∈ Dom(Tn), ξnfn ∈ Dom(t∞),

∀g ∈ Dom(T∞), ξng ∈ Dom(tn);
(3)



Motivation Main Result Application - Diverging eigenvalues

Assumption

Suppose that

1 domains {Ωn}n∈N∗ ⊂ Rd are open and non-empty, Ω∞ is unbounded and
(not necessarily bounded) domains {Ωn} ⊂ Ω∞ exhaust Ω∞ as n→∞;

2 potentials Qn ∈W 1,∞
loc (Ωn) with ReQn ≥ 0, n ∈ N∗, satisfy uniformly

∃ε∇ ∈ [0, εcrit), ∃M∇ ≥ 0, ∀n ∈ N∗, |∇Qn| ≤ ε∇|Qn|
3
2 +M∇ a.e. in Ωn,

(1)
For self-adjoint case εcrit = 2 (Everitt, Giertz 1978 [7]) . For
non-self-adjoint case εcrit ∈ [2−

√
2, 2], where 2−

√
2 ≈ 0.5857 ;

3 operators Tn = −∆ + Qn in L2(Ωn) are introduced via quadratic forms tn,
n ∈ N∗ and cut-offs {ξn}n∈N, ξn : Ω∞ → [0, 1], χΩn (x)ξn(x) = ξn(x) are
such that

sup
n∈N

(‖|∇ξn|‖L∞ + ‖∆ξn‖L∞) <∞. (2)

Furthermore
∀fn ∈ Dom(Tn), ξnfn ∈ Dom(t∞),

∀g ∈ Dom(T∞), ξng ∈ Dom(tn);
(3)



Motivation Main Result Application - Diverging eigenvalues

Assumption

Suppose that

1 domains {Ωn}n∈N∗ ⊂ Rd are open and non-empty, Ω∞ is unbounded and
(not necessarily bounded) domains {Ωn} ⊂ Ω∞ exhaust Ω∞ as n→∞;

2 potentials Qn ∈W 1,∞
loc (Ωn) with ReQn ≥ 0, n ∈ N∗, satisfy uniformly

∃ε∇ ∈ [0, εcrit), ∃M∇ ≥ 0, ∀n ∈ N∗, |∇Qn| ≤ ε∇|Qn|
3
2 +M∇ a.e. in Ωn,

(1)
For self-adjoint case εcrit = 2 (Everitt, Giertz 1978 [7]) . For
non-self-adjoint case εcrit ∈ [2−

√
2, 2], where 2−

√
2 ≈ 0.5857 ;

3 operators Tn = −∆ + Qn in L2(Ωn) are introduced via quadratic forms tn,
n ∈ N∗ and cut-offs {ξn}n∈N, ξn : Ω∞ → [0, 1], χΩn (x)ξn(x) = ξn(x) are
such that

sup
n∈N

(‖|∇ξn|‖L∞ + ‖∆ξn‖L∞) <∞. (2)

Furthermore
∀fn ∈ Dom(Tn), ξnfn ∈ Dom(t∞),

∀g ∈ Dom(T∞), ξng ∈ Dom(tn);
(3)



Motivation Main Result Application - Diverging eigenvalues

4 potentials {Qn} converge in the following sense

τn :=

∥∥∥∥ ξn(Qn − Q∞)

(Qn + 1)(Q∞ + 1)

∥∥∥∥
L∞(Ωn)

+

∥∥∥∥ ζn
Qn + 1

∥∥∥∥
L∞(Ωn)

+

∥∥∥∥ ζn
Q∞ + 1

∥∥∥∥
L∞(Ω∞)

= o(1), n→∞,
(4)

where
ζn := χsupp ξ̃n

, ξ̃n := 1− ξn, n ∈ N. (5)

�
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Example

Sequence of potentials

Qn(x , y) = i(x2 + y 2) + Wn(x , y), ||Wn||L∞ → 0 as n→∞

and domains
Ωn = {(x , y) : y < x ,−y < x , x ∈ (0, n)}

Out[ ]=
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Theorem

1 {Tn} converge to T∞ in the generalized norm resolvent sense (and hence
there is no spectral pollution): for every z ∈ ρ(T∞), there is nz > 0 such
that z ∈ ρ(Tn), n > nz and

‖(Tn − z)−1χΩn − (T∞ − z)−1‖B(L2(Ω∞)) = Oz(τn), n→∞; (6)

2 spectral projections converge in norm:

‖Ek,n − Ek‖B(L2(Ω∞)) = Ok(τn), n→∞; (7)

where

Ek :=
1

2πi

∫
γk

(z − T∞)−1 dz , Ek,n :=
1

2πi

∫
γk

(z − Tn)−1χΩn dz ,
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Theorem

3 spectral inclusion for isolated eigenvalues: for every νk ∈ σdisc(T∞), as
n→∞, there are eigenvalues νk,n of Tn in a neighborhood of νk and (for
simple eigenvalues)

|νk − νk,n| = Ok (κn) , n→∞, (8)

4 (generalized) eigenvectors converge in norm: for every ψ ∈ Ran(Ek) as
n→∞

‖ψ − Ek,nψ‖ = Ok (κn) , n→∞. (9)

where

κn := max
φ∈RanEk
‖φ‖=1

(∥∥∥∥ ξn(Qn − Q∞)

(Qn + 1)(Q∞ + 1)
φ

∥∥∥∥+ ‖ζnφ‖
)
. (10)
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Application of the theorem to the domain truncation

Boegli, Siegl, Tretter 2017 [4]:
proved spectral exactness of domain truncation technique on Rd and exterior
domains for wide classes of complex potentials, of approximating domains Ωn,
and of boundary conditions on ∂Ωn such as mixed Dirichlet/Robin type.

New results:

perturbed potential/sequence of potentials

broader class of unbounded limit domains Ω∞ (e.g. cone)

Ωn can be unbounded, T∞ with non-compact resolvent (e.g.
Ωn = (−∞, n), Q(x) = iex)

rate of convergence for resolvents
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T = − d2

dx2 + ix3 on L2(R)

Eigenvalues lying asymptotically in the spectra of truncated operators Tn

λ
(1)
k,n = (3sn)2/3(νk +Ok(s−5/3

n ))− is3
n , λ

(2)
k,n = λ

(1)
k,n

where νk = e−2πi/3µk , Ai(µk) = 0
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sn0
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80
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Figure: Real part of spectrum, real part

of first 5 asymptotic curves λ
(1)
k,n, λ

(2)
k,n.
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Figure: Imaginary part of spectrum,
imaginary part of first 5 asymptotic

curves λ
(1)
k,n, λ

(2)
k,n.



Motivation Main Result Application - Diverging eigenvalues

Rate of the convergence

In complex plane are shown: red dots νk and blue dots (λk,n + is3
n )3−

2
3 s
− 4

3
n
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T = − d2

dx2 + iex on L2(R)

Eigenvalues lying asymptotically in the spectra of truncated operators Tn

λk,n = e2sn/3(νk +Ok(e−sn/3)) + iesn
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Figure: Real part of spectrum
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Radially symmetric potential on annuli - Brown, Marletta (2004)

T = −∆D + i|x |2, on L2(Rd \ B1(0))

truncated and decomposed to 1D problems

Tn,l = − d2

dr 2
+ ir 2 +

(d − 1)(d − 3)/4 + l(l + d − 2)

r 2
, in L2((1, sn))

λk,n,l = (2sn)
2
3

(
νk +Ok,l

(
s
− 4

3
n

))
+ is2

n , n→∞;
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Figure: Real part of spectrum of Tn,l for
d = 3 and l = 1, 2, 3, 4, 5
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Figure: Imaginary part of spectrum of
Tn,l for d = 3 and l = 1, 2, 3, 4, 5
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Higher dimensions

In 1D assumptions in a form of explicit conditions on Q(x). In higher
dimension we have to check the assumptions of the abstract theorem.

2D rotated squares and polynomial potential

Q(x , y) = i(x3 + y 4) + x2y 2, x , y ∈ R

and a sequence of π/4 rotated squares Ωn. Then spectra of Tn contain
asymptotically the eigenvalues

λ
(j)
k,n = (3s2

n )
2
3

(
νk + ρ

(j)
k,n

)
− is3

n , n→∞,

where {νk} are eigenvalues of the complex Airy operator in a sector

SA := −∆ + ix , Dom(SA) := Dom(∆D) ∩ Dom(|x |),
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Tg = − d2

dx2 + x2 + ig 1
1+|x |κ on L2(R)

Schenker [10]:

Re(λ) ≥ C |g |2/(2+κ)

Our result (optimality)

λk,g = g
2

2+κ (νκk + rκk,g ) + ig

where νk ∈ σ(Tκ), Tκ = − d2

dx2 − i|x |κ

0 50 100 150 200
g

20

40

60

80

100

120

140

Re(λn)

Figure: Real part of spectrum of Tg for
κ = 3.15
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Figure: Imaginary part of spectrum of
Tg for κ = 3.15
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Baker, Mityagin (2020): Tg = − d2

dx2 + x2 + ig(δ(x − b)− δ(x + b))

proved that the number of non-real eigenvalues diverges as g →∞
”smooth” version of BM potential

Tg = − d2

dx2
+ x2 + igx3e−x2

in L2(R) (11)

stationary points x0 = 0, x1 = −
√

3
2

and x2 = −x1

-4 -2 2 4

-0.4

-0.2

0.2

0.4
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stationary point x0

λ
(x0)
k,g = g

2
5 (νk +Ok(g−

6
25 )), g → +∞, (12)

where νk are eigenvalues of imaginary cubic oscillator.

stationary points x1, x2

λ
(x1)
k,g = g

1
2 (νk +Ok(g−

1
8 ))− ig(2e)−

1
2 +

3

2
, λ

(x2)
k,g = λ

(x1)
k,g g → +∞,

(13)

where νk = ( 27
2e3 )

1
4 ei

π
4 (2k + 1), k ∈ N0,

100 200 300 400 500
g
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40
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80

100
Re(λn)

Figure: Real part of the spectrum of Tg
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Figure: Imaginary part of the spectrum
of Tg
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Caliceti, Graffi (2014)

studied PT -symmetric phase transitions for a class of operators in L2(R)
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M=2
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where νk = ei
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M ≥ 4

stationary point x0 = 0 yields sequences of eigenvalues

λ
(x0)
k,g,M = g−

2
M+1 (νk,M +O(g−

2
M+1 )), g → +∞, (16)

multiple complex stationary points xk = e
i 4k−1

2(M+1)
π
, k = 1, . . . ,M + 1
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Figure: Stationary points for M = 4
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Figure: Stationary points for M = 6

obrazek se vsema vlastnima hodnotama
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