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2Katedra matematiky, FJFI ČVUT v Praze
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Porovnáńı analytických a numerických výsledk̊u
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4 Porovnáńı analytických a numerických výsledk̊u
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Dirichlet̊uv Laplacián

Hf := −∆f = −
2∑

j=1

∂2f

∂x2
j

Dom(H) = C∞0 (Ω)
Ω ⊂ R2 je omezená oblast, ∂Ω ∈ C∞

Úloha

Hf = λf v Ω,

f = 0 na ∂Ω,

∀f ∈ Dom(H)
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Lineárńı operátory

Uvažujeme lineárńı operátor A na H = L2(Ω)

Dom(A) = H = L2(Ω)

Γ(A) = {(x ,Ax) ∈H ⊕H |x ∈ Dom(A)}

Definice (Uzav̌rený)

Γ(A) = Γ(A)

na H ⊕H

Definice (Uzav́ıratelný)

∃Ã ⊃ A, Ã = Ã
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Porovnáńı analytických a numerických výsledk̊u
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Dom(A) = H = L2(Ω)

Γ(A) = {(x ,Ax) ∈H ⊕H |x ∈ Dom(A)}

Definice (Uzav̌rený)
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Nodálńı hypotéza
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Definice (Pozitivńı)

〈Af , f 〉 ≥ 0

∀f ∈ Dom(A)

Definice (Zdola omezený)

∃M ∈ R, ∀f ∈ Dom(A), 〈Af , f 〉 ≥ M‖f ‖2
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Úvod
Teorie

Numerika
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Analytické řešeńı

Lineárńı operátory

Definice (Sdružený operátor)

g ∈ Dom(A∗)⇔ ∃g∗ ∈H ,∀f ∈ Dom(A), 〈g ,Af 〉 = 〈g∗, f 〉.
Klademe A∗g := g∗.

Definice (Symetrický operátor)

A- hustě definovaný
A ⊂ A∗

Definice (Samosdružený operátor)

A = A∗
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Spektrum uzav̌reného operátoru

Definice (Spektrum)

σ(A) = {λ ∈ C|A− λ : Dom(A)→H neńı bijekce }

σ(A) = σess(A) ∪̇σdisc(A)

Definice (Rezolventa)

Rµ := (A− µ)−1,

kde µ ∈ ρ(A) := Cr σ(A)
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σ(A) = σess(A) ∪̇σdisc(A)

Definice (Rezolventa)

Rµ := (A− µ)−1,

kde µ ∈ ρ(A) := Cr σ(A)
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Nodálńı hypotéza
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Spektrum samosdruženého operátoru

Věta

A- samosdružený, pozitivńı ⇒ následuj́ıćı výroky jsou ekvivalentńı

1 A má kompaktńı rezolventu (A + 1)−1,

2 σess(A) = ∅,
3 existuje ortonormálńı báze H z vlastńıch vektor̊u A.
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Kvadratické formy

Kvadratická forma q : Dom(q)×Dom(q)→ C

Dom(q) = H

Definice (Symetrická)

q(f , g) = q(g , f ), ∀f , g ∈ Dom(q)

Definice (Pozitivńı)

q(f , f ) ≥ 0, ∀f ∈ Dom(q)
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Kvadratické formy
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q(f , g) = q(g , f ), ∀f , g ∈ Dom(q)

Definice (Pozitivńı)
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Analytické řešeńı

Definice (Zdola omezená)

∃m ∈ R : ∀f ∈ Dom(q), q(f , f ) ≥ m‖f ‖2

Skalárńı součin na Dom(q)

q- hustě definovaná, symetrická, zdola omezená kvadratická forma

〈f , g〉q := 〈f , g〉+ (1−m) q(f , g)

Definice (Uzav̌rená forma)(
Dom(q), 〈·, ·〉q

)
je Hilbert̊uv prostor.

Definice (Uzav́ıratelná forma)

∃q̃ ⊃ q, q̃ = q̃
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Zavedeńı laplaciánu jako samosdruženého operátoru
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Analytické řešeńı

Přǐrazeńı operátoru a formy

Lineárńı operátor A

symetrický

zdola omezený

→
Kvadratická forma q

hustě definovaná

symetrická

zdola omezená

uzav́ırtelná

q(f , g) := 〈f ,Ag〉, ∀f , g ∈ Dom(A)
[D. Krejčǐŕık- Geometrical aspects of spectral theory, 2015]
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Přǐrazeńı operátoru a formy

Kvadratická forma q
hustě definovaná

symetrická

zdola omezená

uzav̌rená

1−1←→
Lineárńı operátor A

samosdružený

zdola omezený

(→): Věta o reprezentaci: q-splňuje dané p̌redpoklady ⇒
operátor A:

Dom(A) := {f ∈ Dom(q)|∃h ∈H ,∀g ∈ Dom(q), q(g , f ) = 〈g , h〉}
Af := h

je samosdružený a zdola omezený.

[D. Krejčǐŕık- Geometrical aspects of spectral theory, 2015]
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Kvadratická forma operátoru H

Q(f , g) = 〈∇f ,∇g〉 =

∫
Ω

N∑
j=1

∂f

∂xj

∂g

∂xj

Dom(Q) = C∞0 (Ω), je uzav́ıratelná.
[E. Davies- Spectral Theory and Differential Operators, 1995]

Forma samosdruženého operátoru

Uzávěr formy Q je forma pozitivńıho samosdruženého operátoru H̃:
H ⊂ H̃.
[E. Davies- Spectral Theory and Differential Operators, 1995]
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Nodálńı hypotéza
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[E. Davies- Spectral Theory and Differential Operators, 1995]

Forma samosdruženého operátoru
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Definičńı obor H̃

Definice (Sobolev̊uv prostor)

W 1,2(Ω) = {f ∈ L2(Ω)| ∂f

∂xi
∈ L2(Ω), pro i = 1, 2}

Skalárńı součin na W 1,2(Ω)

〈f , g〉∇ :=

∫
Ω

(
f (x)g(x) +∇f (x)∇g(x)

)
d2x .
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Definičńı obor H̃
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Skalárńı součin na W 1,2(Ω)

〈f , g〉∇ :=

∫
Ω

(
f (x)g(x) +∇f (x)∇g(x)

)
d2x .
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0 (Ω) := C∞c (Ω)

Věta

Dom(Q) = W 1,2
0 (Ω)

[E. Davies- Spectral Theory and Differential Operators, 1995]

Pro Ω- omezená oblast, alespoň C 2:
Dom(H̃) = W 2,2(Ω) = {f ∈ L2(Ω)|Dαf ∈ L2(Ω), 0 ≤ |α| ≤ 2}
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Max-min

A- samosdružený operátor, zdola omezený
q- kvadratická forma operátoru A
n ∈ N

⇒ λn(A) := sup
L⊂⊂H

dim(L)=n−1

inf
‖f ‖=1

f ∈L⊥∩Dom(q)

q(f , f ) λ∞ := lim
n→∞

λn

λ∞ = inf σess(A)
λ∞ = +∞⇒ σess(A) = ∅

{λn}∞n=0 ∩ (−∞, λ∞) = σdisc(A) ∩ (−∞, λ∞)

[E. Davies- Spectral Theory and Differential Operators, 1995]
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Porovnáńı analytických a numerických výsledk̊u
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Max-min

Věta

Necht’ A je zdola omezený samosdružený lineárńı operátor a q jeho
kvadratická forma. Dále necht’ (g1, . . . , gm) ∈ Dom(q) jsou
libovolné lineárně nezávislé normalizované fce, J index prvńı
hodnoty λn, která neńı vlastńı hodnotou a m < J. ⇒

λm = max
g1,...,gm−1

min{q(gm, gm) | 〈gm, gi 〉 = 0, ∀i ∈ m̂ − 1}.

[E.H. Lieb, M. Loss: Analysis, 2001]
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Definice (Nodálńı množina)

Necht’ f2 je vlastńı funkce, která p̌ŕısluš́ı vlastńımu č́ıslu λ2. Pak

N (f2) = f −1
2 (0)

nazvu nodálńı množinou druhé vlastńı funkce.

Nodálńı Hypotéza

Ω ⊂ R2- omezená, jednoduše souvislá oblast ⇒

N (f2) ∩ ∂Ω 6= ∅.

[D. Krejčǐŕık, M. Tušek- Nodal sets of thin curved layers, 2015]
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Obdélńık

−∆f = λf

Ω = {(x , y)| x ∈ (0, a) ∧ y ∈ (0, b), a, b > 0}

hraničńı podḿınka: f (0, y) = f (x , 0) = f (a, y) = f (x , b) = 0

separace proměnných: f (x , y) = fx(x)fy (y)

hledáme řešeńı ve tvaru fx(x) = ekx ⇒
k2 + λ = 0

hraničńı podḿınky−→ λn = π2
(
n2

a2

)
, n ∈ N

vlastńı č́ısla: λn,m = λn + λm = π2
(

n2

a2 + m2

b2

)
, m, n ∈ N

vlastńı funkce: fn,m = sin
(

nπx
a

)
sin
(

mπy
b

)
, m, n ∈ N
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Analytické řešeńı
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separace proměnných: f (x , y) = fx(x)fy (y)
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Nodálńı hypotéza
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hraničńı podḿınky−→ λn = π2
(
n2

a2

)
, n ∈ N
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Kruh o poloměru R

p̌revod do polárńıch soǔradnic (r , θ):

∂2
rrv +

1

r
∂rv +

1

r 2
∂2
θθv + λv = 0

hraničńı podḿınka: v(R, θ) = 0

separace proměnných v(r , θ) = f (r)h(θ):

r 2
(

f ′′(r) + 1
r f ′(r) + λf (r)

)
f (r)

= −h′′(θ)

h(θ)
= c ∈ R

úhlová část: h(θ) = a cos(nθ) + b sin(nθ), kde n ∈ N0, n2 = c
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Kruh o poloměru R

radiálńı část: substituce
ρ = r

√
λ, pro λ 6= 0, f (r) = y(ρ(r))⇒ Besselova rovnice:

d2y
dρ2 + 1

ρ
dy
dρ +

(
1− n2

ρ2

)
y = 0

hraničńı podḿınky−→ Jn(R
√
λ) h(θ) = 0

vlastńı č́ısla: λm,n =
k2
m,n

R2

m ∈ N, n ∈ N0, n2 = c , km,n = m-tá nula n-té Besselovy
funkce

vlastńı funkce: vn,m(r , θ) = Jn(
km,nr
R ) (a cos(nθ) + b sin(nθ)),
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dρ2 + 1

ρ
dy
dρ +

(
1− n2

ρ2

)
y = 0

hraničńı podḿınky−→ Jn(R
√
λ) h(θ) = 0

vlastńı č́ısla: λm,n =
k2
m,n

R2

m ∈ N, n ∈ N0, n2 = c , km,n = m-tá nula n-té Besselovy
funkce

vlastńı funkce: vn,m(r , θ) = Jn(
km,nr
R ) (a cos(nθ) + b sin(nθ)),
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Numerická aproximace vlastńı funkce

Open-source matematiký software: SAGE

Metoda konečných prvk̊u → rozděleńı oblasti na menš́ı části
→ funkce fj , (viz obrázek)

Max-min - za funkce gi bereme lineárńı kombinace fj

Obrázek : Funkce fj
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Obrázek : Druhá vlastńı funkce obdélńıku: a = 1, b = 2
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Obrázek : Druhá vlastńı funkce a jej́ı degenerace na kruhu, analyticky
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Obrázek : Druhá vlastńı funkce na výseči pro α = π
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Obrázek : Druhá vlastńı funkce na výseči pro α = π
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Obrázek : Druhá vlastńı funkce na výseči pro α = 11π
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-1 -0.5 0 0.5 1

x

-1

-0.5

0

0.5

1

y
1.2

0.9

0.6

0.3

0.0

0.3

0.6

0.9

1.2

(b) Numerické řešeńı
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Zdroje

Obrázek : Druhá vlastńı funkce a jej́ı degenerace na výseči pro úhel
α = 1.1125, analyticky
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Úvod
Teorie

Numerika
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Obrázek : Druhá vlastńı funkce a jej́ı degenerace na výseči pro úhel
α = 1.1125, numericky
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Úvod
Teorie

Numerika
Porovnáńı analytických a numerických výsledk̊u
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Shrnut́ı

Numerické řešeńı vhodné pro ilustraci nodálńıch čar

Nelze takto potvrdit / vyvrátit hypotézu

Zat́ım pro analyticky řešitelné oblasti

Rozš́ı̌reńı: pro daľśı oblasti

Vylepšeńı: použit́ı jiných metod, zjemněńı triangulace
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Nelze takto potvrdit / vyvrátit hypotézu
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Úvod
Teorie

Numerika
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