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Metamateriály

• Metamateriály jsou uměle vyrobené kompozitńı materiály

• “meta”= pohled shora, na vyš̌śı úrovni, vymaněńı se ze systému, p̌resahuj́ıćı

• Disponuj́ı neobvyklými fyzikálńımi vlastnostmi: záporná permitivita,
permeabilita, záporný index lomu

• Široké možnosti využit́ı
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Pr̊ukopńıci

• Viktor Veselago - teoreticky analyzoval vlastnosti materiál̊u se zápornými
hodnotami ε, µ (1968)
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Levotočivé materiály (left-handed materials)

• Z Maxwellových rovnic se dá zjistit, že vlnový vektor ~k bude ḿıt opačné
znaménko než v obvyklých materiálech

rot ~E = −1

c

∂ ~B

∂t
~B = µ ~H

rot ~H =
1

c

∂ ~D

∂t
~D = ε~E

• Pro rovinnou monochromatickou vlnu jsou všechny kvantity úměrné e i(kz−ωt)

⇒
~k × ~E =

ω

c
µ ~H

~k × ~H = −ω
c
ε~E

• Pro ε > 0 a µ > 0 tvǒŕı vektory ~E , ~H, ~k pravotočivou trojici vektor̊u, kdežto
pro ε < 0 a µ < 0 levotočivou.

• Naproti tomu Poyintingův vektor ~S = c
4π
~E × ~H tvǒŕı s ~E , ~H vždy

pravotočivou trojici vektor̊u
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4π
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Záporný index lomu

• n =
√
εµ

• Snell̊uv zákon sinϕ1

sinϕ2
= n12
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Veselagova čočka (superčočka)
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Pr̊ukopńıci

• John Pendry - navrhl prvńı materiál se zápornou permitivitou (1996)

εeff(ω) = 1−
ω2
p

ω2 + iγω

• a se zápornou permeabilitou (1999)

µeff(ω) = 1− Fω2
0

ω2 − ω2
0 − iωΓ
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Pr̊ukopńıci

• David R. Smith - zkonstruoval prvńı prosťred́ı se záporným indexem lomu
(2000)

• Maskováńı pro mikrovlny (2006)
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Daľśı fyzikálńı p̌ŕıstupy

• Geometrická optika

• Obecná relativita
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• Obecná relativita
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Anomálńı lokalizovaná rezonance

• N. A. Nicorovici, R. C. McPhedran, G. W. Milton zkoumaj́ı p̌ŕıpad
maskovaného válce (coated cylinder) ve dvou dimenźıch (1994)

ϵc

ϵs

ϵm

rc rs r* rm
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Anomálńı lokalizovaná rezonance

• Zkoumá se rovnice

∇ · (ε∇V ) = 0

kde

ε =


εc , x ∈ Brc

− εs , x ∈ Brs \ Brc

εm, x ∈ Brm \ Brs

• ALR nastává pouze pokud docháźı k ”blow-upu”energie, tj.

Eδ := lim
δ→0

∫
Brs \Brc

δ |∇Vδ|2 dx =∞

p̌ričemž Vδ(x) z̊ustává omezená mimo jistý poloměr a, tj.

|Vδ(x)| < C , pro |x | > a

pro nějaké konstanty C a a nezávislé na δ ⇒ Ba obsahuje celou oblast ALR
• Anomálnost: ”blow-up”energie může nastávat i v jisté bĺızké oblasti kolem

maskovaćıho zǎŕızeńı
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Anomálńı lokalizovaná rezonance

• Uvažujme jednodimenzionálńı problém

ε(x) =

{
−1, x ∈ (−1, 0)

+1, x ∈ (0, 1)

H0 = − d

dx
ε(x)

d

dx

D(H0) = {ψ ∈ H2((−1, 0))⊕ H2((0, 1))|ψ(−1) = ψ(1) = 0,

ψ(0−) = ψ(0+),

ψ′(0−) = −ψ′(0+)}

• H0 je určitě symetrický operátor → dá se ukázat i samosdruženost

(ψ,H0ϕ) =

∫ 0

−1

ψϕ′′ −
∫ 1

0

ψϕ′′ =

= −
∫ 0

−1

ψ′ϕ′ +

∫ 1

0

ψ′ϕ′ + [ψϕ′]0−

−1 − [ψϕ′]1
0+ =

=

∫ 0

−1

ψ′′ϕ−
∫ 1

0

ψ′′ϕ− [ψ′ϕ]0−

−1 + [ψ′ϕ]1
0+ + [ψϕ′]0−

−1 − [ψϕ′]1
0+
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Anomálńı lokalizovaná rezonance

• Tento operátor nyńı modifikujeme

εδ(x) =

{
−1 + iδ, x ∈ (−1, 0)

+1 + iδ, x ∈ (0, 1)

Hδ = − d

dx
εδ(x)

d

dx

D(Hδ) = {ψ ∈ H1
0 ((−1, 1)), ψ ∈ H2((−1, 0))⊕ H2((0, 1))|

(δ + i)ψ′(0−) = (δ − i)ψ′(0+)}

• Hδ neńı samosdružený
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Matematická vsuvka

Definice: (Č́ıselný obor hodnot)

Necht’ H je operátor v Hilbertově prostoru H . Č́ıselný obor hodnot Θ(H)
operátoru H je množina všech komplexńıch č́ısel (ψ,Hψ) kde ψ, ‖ψ‖ = 1 procháźı
celé D(H).

• σp(H) ⊂ Θ(H)

Definice:

Operátor H ∈H je akretivńı je-li č́ıselný obor hodnot Θ(H) podmnožina pravé
poloroviny komplexńı roviny, tj. pokud Re(ψ,Hψ) ≥ 0 pro všechna ψ ∈ D(H).
Operátor H který nav́ıc splňuje (H + λ)−1 ∈ B(H ) a

∥∥(H + λ)−1
∥∥ ≤ (Reλ)−1

pro Reλ > 0 se nazývá m-akretivńı.

• m-akretivńı operátor je maximálńı akretivńı operátor
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Matematická vsuvka

Definice:

Operátor H je kvazi-akretivńı (kvazi-m-akretivńı) je-li H + α akretivńı
(m-akretivńı) pro nějaké č́ıslo α.

Definice:

Operátor H je sektoriálńı, je-li č́ıselný obor hodnot Θ(H) podmnožinou sektoru
|arg(ζ − γ)| ≤ θ < π/2. γ a θ se nazývaj́ı vrchol a semi-úhel sektoriálńıho
operátoru H.
Operátor H se nazývá m-sektoriálńı je-li sektoriálńı a kvazi-m-akretivńı.

• Hδ neńı ani m-sektoriálńı, ale operátor Vδ = e−i
π
2 už m-sektoriálńı je.
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Anomálńı lokalizovaná rezonance

• Rádi bychom viděli, že v limitě δ → 0 jde operátor Hδ → H0

• Můžeme spoč́ıtat vlastńı hodnoty
• H0 :

(0, 1) : ψ′′ + λψ = 0

(−1, 0) : ψ′′ − λψ = 0

⇒ tan
√
λ = tanh

√
λ

• Hδ :
(0, 1) : (1 + iδ)ψ′′ + λψ = 0

(−1, 0) : (1− iδ)ψ′′ − λψ = 0

⇒ tan

√
λ

1 + iδ
=

√
1− iδ

1 + iδ
tanh

√
λ

1− iδ
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• H0 :

(0, 1) : ψ′′ + λψ = 0

(−1, 0) : ψ′′ − λψ = 0

⇒ tan
√
λ = tanh

√
λ

• Hδ :
(0, 1) : (1 + iδ)ψ′′ + λψ = 0

(−1, 0) : (1− iδ)ψ′′ − λψ = 0

⇒ tan

√
λ

1 + iδ
=

√
1− iδ

1 + iδ
tanh

√
λ

1− iδ
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Anomálńı lokalizovaná rezonance
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Anomálńı lokalizovaná rezonance

• Bouchitté, Schweizer (2009) zkoumali řešeńı rovnice

∇ · (εδ∇uδ) = 0

εδ(x) =


+1, x ∈ B1

−1 + iδ, x ∈ BR \ B1

+1, x ∈ R2 \ BR

• Řešeńı takovéto rovnice lze naj́ıt jako ansatz

uδ(x) = Uk(r)e ikθ

Uk(r) =


rk , pro r ≤ 1

ark + br−k , pro 1 < r ≤ R

αrk + βr−k , proR < r
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• Bouchitté, Schweizer (2009) zkoumali řešeńı rovnice

∇ · (εδ∇uδ) = 0

εδ(x) =


+1, x ∈ B1

−1 + iδ, x ∈ BR \ B1

+1, x ∈ R2 \ BR

• Řešeńı takovéto rovnice lze naj́ıt jako ansatz

uδ(x) = Uk(r)e ikθ

Uk(r) =


rk , pro r ≤ 1

ark + br−k , pro 1 < r ≤ R

αrk + βr−k , proR < r
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Anomálńı lokalizovaná rezonance

• Lokalizačńı index

Pδk := P(δ, k ,R) :=
β

α

• Zkoumá se limita δ → 0 výrazu

βr−k

αrk
=

Pδk
r2k

= (
R∗

r
)2k (2iδ − i2δ2)(1− R−2k)

i2δ2Rk − (2− iδ)2R−k

R∗ = R3/2

max
k

∣∣Pδk ∣∣
r2k
→ 0 , r > R∗

max
k

∣∣Pδk ∣∣
r2k
→∞ , r < R∗

• Plat́ı něco podobného i ve vyš̌śıch dimenźıch?

• Ammari, Ciraolo, Kang, Lee, Milton (2012): NE!
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βr−k

αrk
=

Pδk
r2k

= (
R∗

r
)2k (2iδ − i2δ2)(1− R−2k)

i2δ2Rk − (2− iδ)2R−k

R∗ = R3/2

max
k

∣∣Pδk ∣∣
r2k
→ 0 , r > R∗

max
k

∣∣Pδk ∣∣
r2k
→∞ , r < R∗
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Anomálńı lokalizovaná rezonance

• Zkoumáme stejný problém ve 3 dimenźıch, tj. rovnici

∆Ψ(x) = 0

s okrajovými podḿınkami

Ψ(1−) = Ψ(1+)

Ψ(R−) = Ψ(R+)

εδ(1−)∇Ψ(1−) = εδ(1+)Ψ(1+)

εδ(R−)∇Ψ(R−) = εδ(R+)Ψ(R+)

• Laplace̊uv operátor má ve ťrech dimenźıch tvar

−∆ = − 1

r2

∂

∂r
(r2 ∂

∂r
)− 1

r2
∆S2

• −∆S2 je Laplace-Beltramiho operátor, jehož spektrum je
σ(−∆S2 ) = {l(1 + l)}∞l=0 a proto lze Laplace̊uv operátor psát jako

−∆ =
∞∑
l=0

l∑
k=−l

(− 1

r2

∂

∂r
(r2 ∂

∂r
) +

l(1 + l)

r2
)
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• Předpokládáme řešeńı Laplaceovy rovnice v separovaném tvaru
Ψ(x) = ψ(r)Φ(Ω), kde Ω = (θ, φ)

• Řeš́ıme tak rovnici

− 1

r2

d

dr

(
r2 d

dr
ψ(r)

)
+

l(1 + l)

r2
ψ(r) = 0

⇒ ψ(r) =
∞∑
l=0

(
αl(r)r l + βl(r)r−l−1

)
• Označ́ıme ψl l-tý člen sumy. Koeficienty αl(r),βl(r) se budou lǐsit v každé ze

ťŕı oblast́ı

ψl(r) =


r l , pro r ≤ 1

al r
l + bl r

−l−1, pro 1 < r ≤ R

αl r
l + βl r

−l−1, proR < r
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Anomálńı lokalizovaná rezonance

• Po dosazeńı okrajových podḿınek vypočteme č́ısla αl , βl a z nich potom
poč́ıtáme ∣∣∣∣βl r−l−1

αl r l

∣∣∣∣ =

∣∣Pδl ∣∣
r2l+1

=

=

(
R

r

)2l+1
l
√

4 + δ2
√

1 + δ2(1 + l)2(R2l+1 − 1)√√√√√√√√√√√√

16l2 + 32l3 + 16l4 + 8l2R2l+1 + R4l+2 + 8lR2l+1 + 8δ2l2+

16δ2l3 + 8δ2l4 + 6δ2lR2l+1 + 14δ2l2R2l+1 + 16δ2l3R2l+1+

8δ2l4R2l+1 + δ2R4l+2 + 2δ2lR4l+2 + 2δ2l2R4l+2 + δ4l2+

2δ4l3 − δ4l4 + 2δ4l2R2l+1 − 4δ4l3R2l+1 + 2δ4l4R2l+1+

δ4l2R4l+2 + 2δ4l3R4l+2 + δ4l4R4l+2
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• Hledáme maximum p̌res l

• zjevně v nule má
|Pδ

l |
r2l+1 nulovou hodnotu

• v nekonečnu spoč́ıtáme limitu

lim
l→+∞

∣∣Pδ
l

∣∣
r 2l+1

= lim
l→+∞

(
R

r

)2l+1
l2R2l+1

l2R2l+1

√
4 + δ2

√
1
l2

+ δ2
(

1
l

+ 1
)2 (

1− 1
R2l+1

)
√
. . .+ δ4

2 4 6 8 10

0.05

0.10

0.15

0.20

0.25

0.30

0.35
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• Pro nalezeńı maxima provád́ıme odhad funkce
|Pδ

l |
r2l+1 shora∣∣Pδl ∣∣

r2l+1
=

(
R

r

)2l+1
l
√

4 + δ2
√

1 + δ2(1 + l)2(R2l+1 − 1)
√
. . .
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l |
r2l+1 shora∣∣Pδl ∣∣

r2l+1
=

(
R

r

)2l+1
l
√

4 + δ2
√

1 + δ2(1 + l)2(R2l+1 − 1)
√
. . .

≤ 1

l2
lC
√

1 + δ2(1 + l)2R2l+1

R2l+1
√

1 + δ4l4
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√
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√
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• Pro nalezeńı maxima provád́ıme odhad funkce
|Pδ

l |
r2l+1 shora∣∣Pδl ∣∣

r2l+1
=

(
R

r

)2l+1
l
√

4 + δ2
√

1 + δ2(1 + l)2(R2l+1 − 1)
√
. . .

≤ 1

l2
lC
√

1 + δ2(1 + l)2R2l+1

R2l+1
√

1 + δ4l4

≤ C

l

1 + δ(1 + l)

1 + δ2l2
≤ C

1 + δ2l2
≤ C

1 + δ2l20

• Provedeme-li nyńı limitu δ → 0, dostaneme nějakou konstantu C , tedy
nedostali jsme +∞ a tedy nedocháźı k ALR.
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Shrnut́ı

• Operátorový p̌ŕıstup poměrně nový

• Behrndt, Krejčǐŕık (2012) - vyšeťreńı diferenciálńıho výrazu −∇(ε∇) na
obdélńıku pro ε bez δ

ε(x , y) =

{
+1, (x , y) ∈ Ω+ = (0, 1)× (0, 1)

−1, (x , y) ∈ Ω− = (−1, 0)× (0, 1)

• Daľśı kroky: Zobecněńı tohoto článku do vyš̌śıch dimenźı
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Děkuji za pozornost
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