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Spektrum – matice
Necht’ A ∈ CN×N . Pak

σ(A) =
{
λ ∈ C | ∃~x ∈ CN ,~x 6= ~0,A~x = λ~x

}
.

λ se nazývá vlastńı č́ıslo, ~x vlastńı vektor

Hermitovská matice (A = AT = A∗): σ(A) ⊂ R

Důkaz
I A~x = λ~x ⇒ ~x∗A∗ = λ~x∗

I (λ− λ)~x∗~x = ~x∗(λ− λ)~x = ~x∗A~x − ~x∗A∗~x = 0
I zároveň ale ~x∗~x 6= 0 ⇒ λ = λ

Nehermitovská matice (A 6= AT): σ(A) 6⊂ R

B =
(

1 0
0 i

)
, σ(B) = {1, i}

C =
(

0 −1
1 0

)
, σ(C) = {−i, i}
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I zároveň ale ~x∗~x 6= 0 ⇒ λ = λ
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Důkaz
I A~x = λ~x ⇒ ~x∗A∗ = λ~x∗

I (λ− λ)~x∗~x = ~x∗(λ− λ)~x = ~x∗A~x − ~x∗A∗~x = 0
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Spektrum – operátory
Definici spektra pro matice můžeme přeformulovat:

I necht’ λ ∈ σ(A)
I pak Ker(A− λ) 6= ∅
I matice A− λ neńı invertibilńı
⇒ σ(A) = {λ ∈ C | @ (A− λ)−1}

Dále H je (nekonečněrozměrný) Hilbert̊uv prostor,
T uzavřený operátor p̊usob́ıćı na funkce z H .

Analogicky definuje spektrum pro operátor T :

σ(T ) = {λ ∈ C | @(T − λ)−1jako omezený operátor na H }

Děleńı spektra:
I bodové: σp(T ) = {λ ∈ C | @ (T − λ)−1}
I spojité: σc(T ) = {λ ∈ C | ∃ (T − λ)−1, Ran(T − λ) = H }
I reziduálńı: σr(T ) = {λ ∈ C | ∃ (T − λ)−1, Ran(T − λ) 6= H }
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Analogicky definuje spektrum pro operátor T :
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Spektrum – operátory
Samosdružený operátor (T = T∗):

I σ(T ) ⊂ R

Důkaz
I necht’ λ = Reλ+ i Imλ ∈ σ(T), ψ ∈H

I ‖(A− λ)ψ‖2 = ‖(A− Reλ)ψ‖2 + |Imλ|2‖ψ‖2 ≥ |Imλ|2‖ψ‖2

I Weylovo kritérium: Imλ 6= 0 ⇒ λ /∈ σ(T)

I σr(T ) = ∅

Nesamosdružený operátor (T 6= T∗):
I σ(T ) 6⊂ R

Rotovaný oscilátor [Davies 99]:

R = − d2

dx2 + ix2 na L2(R)

σ(R) = {eiπ/4(2n + 1) | n ∈ N0}
5 10 15 20
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I σ(T ) ⊂ R
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Spektrum – A k čemu je to dobré?
I Diagonalizace a separace proměnných

I Rezonance

I Asymptotický vývoj a stabilita

Fourier̊uv problém vedeńı tepla
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Tacoma Narrows Bridge (1940)



Spektrum – A k čemu je to dobré?
I Diagonalizace a separace proměnných

I Rezonance

I Asymptotický vývoj a stabilita

Zvuk zvonu



Spektrum – A k čemu je to dobré?
I Diagonalizace a separace proměnných

I Rezonance

I Asymptotický vývoj a stabilita

Proč potřebujeme něco v́ıc?

I spektrum vhodné pro popis systémů s ”pěkným“ systémem
vlastńıch funkćı

I samosdružené, normálńı operátory

? nenormálńı operátory – spektrum pro popis nestač́ı

“In the highly non-normal case, . . . , the location of the eigenvalues may be
as fragile an indicator of underlying character as the hair color of a
Hollywood actor.”
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“In the highly non-normal case, . . . , the location of the eigenvalues may be
as fragile an indicator of underlying character as the hair color of a
Hollywood actor.”



Časový vývoj

∂f
∂t = Af

f (0) = f0

A samosdružený pozitivńı:
I řešeńı f (t) = e−tAf0
I ‖e−tA‖ = e−t inf σ(A)

A normálńı, σ(A) ⊂ C+

I ‖e−tA‖ = e−t inf Reσ(A)

A nenormálńı

I A =
(

0 1
0 0

)
I σ(A) = {0}
⇒ očekávali bychom ‖e−tA‖ = 0

I e−tA =
(

1 −t
0 1

)
I ‖e−tA‖ > 1 pro t > 0
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Časový vývoj
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Časový vývoj

A =
(
−1 5
0 −2

)
B =

(
−1 1
0 −1

)

A červená, B modrá
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Pseudospektrum

Pro matici a operátor definujeme ε-pseudospektrum

σε(T ) = σ(T ) ∪
{
λ ∈ C

∣∣∣ ∥∥∥(T − λ)−1
∥∥∥ > ε−1

}

Proč?

I Tradičně – ”Je T − λ singulárńı?“

I Nově – ”Je ‖(T − λ)−1‖ velká?“

Historie
1967: Varah – r-aproximate eigenvalues
1975: Landau – ε-aproximate eigenvalues
1982: Godunov et al. – spectral portrait
1990: Trefethen – ε-pseudospectrum
1992: Hinrichsen, Pritchard – spectral value set
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I Tradičně – ”Je T − λ singulárńı?“
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Pseudospektrum – matice
Normálńı matice (AA∗ = A∗A):

A = UDU−1, kde
I U je unitárńı (U∗ = U−1)

I D =


λ1 0 . . . 0
0 λ2 . . . 0
. . . . . . . . .
0 0 . . . λN

, σ(A) = {λ1, λ2, . . . , λN}

‖(A− λ)−1‖ = ‖(D− λ)−1‖ = max
1≤j≤N

{
1

|λj − λ|

}

⇒ σε(A) = {λ ∈ C | dist(λ, σ(A)) < ε}

Nenormálńı matice (AA∗ 6= A∗A):

‖(A− λ)−1‖ ≥ max
1≤j≤N

{
1

|λj − λ|

}
⇒ σε(A) ⊃ {λ ∈ C | dist(λ, σ(A)) < ε}
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Pseudospektrum – operátory
Normálńı operátory (TT∗ = T∗T )

‖(T − λ)−1‖ = 1
dist(λ, σ(T ))

⇒ σε(T ) = {λ ∈ C | dist(λ, σ(T )) < ε}

Nenormálńı operátory (TT∗ 6= T∗T )
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‖(T − λ)−1‖ ≥ 1
dist(λ, σ(T ))

⇒ σε(T ) ⊃ {λ ∈ C | dist(λ, σ(T )) < ε}

Existuje-li Ω tak, že T = Ω N Ω, kde N je normálńı, Ω a Ω−1 jsou
omezené:

σε(T ) ⊂ {λ ∈ C | dist(λ, σ(T )) < κε},
kde κ = ‖Ω‖‖Ω−1‖ (kondičńı č́ıslo).
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Pseudospektrum – operátory
Normálńı operátory (TT∗ = T∗T )

‖(T − λ)−1‖ = 1
dist(λ, σ(T ))

⇒ σε(T ) = {λ ∈ C | dist(λ, σ(T )) < ε}
Nenormálńı operátory (TT∗ 6= T∗T )

Pseudospektrum rotovaného oscilátoru



Př́ıklady

A =

1 0 0
0 −1 0
0 0 1− i



B =

1 0 0
0 1 0
0 0 1− i

 C =

1 1 0
0 1 0
0 0 1− i



ε−1 = 0.4, 0.5, 0.75, 1, 1.25, 1.5, 1.75, 2, 2.5, 3 (od vněǰśı po vnitřńı)
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Vlastnosti
I σε1(T ) ⊂ σε2(T ) pro 0 < ε1 < ε2

I σ(T ) =
⋂
ε>0

σε(T )

I Spektrálńı stabilita

σε(T ) =
⋃
‖V‖<ε

σ(T + V )

I Pseudomódy: λ ∈ σε(T )⇔ λ ∈ σ(T ) nebo ∃ψ ∈ Dom(T ) tak, že

‖(T − λ)ψ‖ < ε‖ψ‖

I σε(T ) 6= ∅ pro všechna ε > 0

I Každá omezená komponenta σε(T ) má neprázdný pr̊unik s σ(T )
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Spektrálńı stabilita - př́ıklady
Legendrova diferenčńı matice 12× 12

ε = 10−3, 10−4, . . . , 10−7 (od vněǰśı po vnitřńı)

Vlastńı hodnoty 100 náhodných matic A + V, kde ‖V‖ = 10−3

Tridiagonálńı Toeplitzova matice 64× 64
ε = 10−2, 10−3, . . . , 10−8 (od vněǰśı po vnitřńı)
Vlastńı hodnoty 100 náhodných matic A + V, kde ‖V‖ = 10−2
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Ekvivalentńı definice

σε(T ) =
{
λ ∈ C

∣∣∣ ∥∥∥(T − λ)−1
∥∥∥ > ε−1

}
(1)

σε(T ) =
⋃
‖V‖<ε

σ(T + V ) (2)

σε(T ) = σ(T ) ∪ {λ ∈ C | ∃ψ ∈ Dom(T ), ‖ψ‖ = 1, ‖(T − λ)ψ‖ < ε}
(3)

Důkaz (pro A ∈ CN×N ):

(1) ⇒ (2): I ‖(A− λ)−1‖ = sup
~y∈CN ,‖~y‖=1

‖(A− λ)−1~y‖ > ε−1

I (A− λ)−1~y = s−1~x, kde ‖~x‖, ‖~y‖ = 1, 0 < s < ε

I (A− λ)~x = s~y
? chceme naj́ıt V ∈ CN×N tak, aby ‖V‖ = s a V~x = s~y
? pak (A + V)~x = λ~x
I můžeme volit V := s~y~x∗

I V~x = s~y~x∗~x = s~y
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I můžeme volit V := s~y~x∗

I V~x = s~y~x∗~x = s~y



Důkaz pro operátory
Lemma
Necht’ T ∈ C (H ) a T−1 ∈ B(H ) a V ∈ B(H ), ‖V ‖ < 1/‖T−1‖.
Pak (T + V )−1 existuje a plat́ı

‖(T + V )−1‖ ≤ ‖T−1‖
1− ‖V ‖‖T−1‖

.

Naopak, pro každé µ > 1/‖T−1‖ existuje V ∈ B(H ), ‖V ‖ < µ
takové, že (T + V )ψ = 0 pro nějaké nenulové ψ ∈H .

Důkaz.
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Důkaz.
Prvńı část:

I (T + V )−1 =
(
(I + VT−1)T

)−1 = T−1(I + VT−1)−1

I ‖VT−1‖ < 1 ⇒ (I + VT−1)−1 =
∑+∞

j=0 (−VT−1)j

I ‖(T + V )−1‖ ≤ ‖T−1‖
∑+∞
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Důkaz pro operátory
Lemma
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Pak (T + V )−1 existuje a plat́ı

‖(T + V )−1‖ ≤ ‖T−1‖
1− ‖V ‖‖T−1‖

.

Naopak, pro každé µ > 1/‖T−1‖ existuje V ∈ B(H ), ‖V ‖ < µ
takové, že (T + V )ψ = 0 pro nějaké nenulové ψ ∈H .

Důkaz.
Druhá část:

I ‖T−1‖ = sup
~ψ∈CN ,‖~ψ‖=1

‖(T − λ)−1 ~ψ‖ > µ−1

I existuje ψ ∈H , ‖ψ‖ = 1 tak, že φ = Tψ splňuje ‖φ‖ < µ

I definujeme operátor V : ψ 7→ −φ, ‖V ‖ < µ (Hahn-Banach̊uv
teorém)

I (T + V )ψ = φ− φ = 0



Důkaz pro operátory
Lemma
Necht’ T ∈ C (H ) a (T −λ )−1 ∈ B(H ) a V ∈ B(H ),
‖V ‖ < 1/‖(T − λ )−1‖. Pak (T + V − λ )−1 existuje a plat́ı

‖(T + V − λ )−1‖ ≤
‖(T − λ )−1‖

1− ‖V ‖‖(T − λ )−1‖
.

Naopak, pro každé µ > 1/‖(T − λ )−1‖ existuje V ∈ B(H ),
‖V ‖ < µ takové, že (T + V − λ )ψ = 0 pro nějaké nenulové ψ ∈H .

Důkaz.
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Důsledky:
I ‖(T − λ)−1‖ ≥ 1

dist(λ,σ(T))

I λ /∈ σ(T ) pak λ /∈ σ(T + V ) pro žádné V , ‖V ‖ ≤ 1
‖(T−λ)−1‖

I pro µ > ‖(T − λ)−1‖−1 existuje V , ‖V ‖ < µ tak, že
(T + V )ψ = λψ, ‖ψ‖ = 1



Důkaz pro operátory

σε(T ) =
{
λ ∈ C

∣∣∣ ∥∥∥(T − λ)−1
∥∥∥ > ε−1

}
(4)

σε(T ) =
⋃
‖V‖<ε

σ(T + V ) (5)

σε(T ) = σ(T ) ∪ {λ ∈ C | ∃ψ ∈ Dom(T ), ‖ψ‖ = 1, ‖(T − λ)ψ‖ < ε}
(6)

(5) ⇒ (6):
I (T + V )ψ = λψ, ‖V ‖ < ε, ψ ∈ Dom(T ), ‖ψ‖ = 1
I ‖(T − λ)ψ‖ = ‖Vψ‖ < ε

(6) ⇒ (4):
I (T − λ)ψ = s−1φ, ‖ψ‖, ‖φ‖ = 1, s < ε

I ‖(T − λ)−1‖ ≥ ‖(T − λ)−1φ‖ = s−1 > ε−1

(4) ⇒ (5):
I ε > 1/‖(T − λ)−1‖
⇒ Lemma – existence operátoru V
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Důkaz pro operátory

σε(T ) =
{
λ ∈ C

∣∣∣ ∥∥∥(T − λ)−1
∥∥∥ > ε−1

}
(4)

σε(T ) =
⋃
‖V‖<ε

σ(T + V ) (5)

σε(T ) = σ(T ) ∪ {λ ∈ C | ∃ψ ∈ Dom(T ), ‖ψ‖ = 1, ‖(T − λ)ψ‖ < ε}
(6)

(5) ⇒ (6):
I (T + V )ψ = λψ, ‖V ‖ < ε, ψ ∈ Dom(T ), ‖ψ‖ = 1
I ‖(T − λ)ψ‖ = ‖Vψ‖ < ε

(6) ⇒ (4):
I (T − λ)ψ = s−1φ, ‖ψ‖, ‖φ‖ = 1, s < ε

I ‖(T − λ)−1‖ ≥ ‖(T − λ)−1φ‖ = s−1 > ε−1

(4) ⇒ (5):
I ε > 1/‖(T − λ)−1‖
⇒ Lemma – existence operátoru V
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Děkuji za pozornost!

http://gemma.ujf.cas.cz/∼r.novak
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