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Spektrum — matice
Necht A € CV*N, Pak

o(A)={ eC |37 eCV,7+#0,A%=\z}.

A\ se nazyva vlastni ¢islo, 7 vlastni vektor
Hermitovska matice (A = A= A*): 0(A)CR
Dikaz
» AZ=)F = FA*=)\T"
> A= N7 =7"(\— \)T = TAT - T*A*F =0

> ziroven ale *Z#0 = A=\



Spektrum — matice

Necht A € CN*N | Pak
o(A)={ eC |37 eCV,7+#0,A%=\z}.

A\ se nazyva vlastni ¢islo, 7 vlastni vektor
—T
Hermitovskd matice (A=A =A*): 0(A)CR
Dikaz

> ziroven ale *Z#0 = A=\



Spektrum — operéatory

Definici spektra pro matice muzeme preformulovat:
» necht \ € o(A)
> pak Ker(A — \) # o
» matice A — X neni invertibilni
= o(A) = {AeC|H(A-N
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Spektrum — operéatory

Definici spektra pro matice muzeme preformulovat:
» nechf A € o(A)
> pak Ker(A — \) # o
» matice A — X neni invertibilni
= o(A) = {AeC|H(A-N

Déle 47 je (nekonetnérozmérny) Hilbertav prostor,

T uzavieny operator pusobici na funkce z 7.
Analogicky definuje spektrum pro operator T
o(T)={\ € C| BT — )\ 'jako omezenj operdtor na 7}
Déleni spektras:
» bodové: 0,(T)={\e€C|B(T -1}

> spojité: o.(T) ={A e C |3 (T —N)"L, Ran(T — \) = ¢}
» rezidudlni: 0.(T) ={\ € C|3I(T —\)~1, Ran(T — \) # #}



Spektrum — operatory

Samosdruzeny operdtor (T = T*):
» o(T)CR



Spektrum — operéatory

Samosdruzeny operdtor (T = T*):
» o(T)CR

Dikaz

v

necht A =ReA+ilm\ € o(T),v € H#

1A = N9 )* = (A = Re N)pp||* + [T A [[4h]|* > [T AJ* |||
Weylovo kritérium: InA#0 = X¢ o(7T)

> 0. (T)=9

v

v



Spektrum — operéatory

Samosdruzeny operator (7 = T%):
» o(T)CR
Dikaz
» necht A\=ReA+ilm\ € o(T),¢ € 7
o (A = NI = (4 — Re )6 + [Tm AP ] > [Tm APlJ]?
» Weylovo kritérium: ImA #0 = A& o(T)
> 0. (T)=9

Nesamosdruzeny operator (7 # T*):
» o(T)Z R



Spektrum — operéatory

Samosdruzeny operdtor (T = T*):
» o(T)CR

Dikaz

v

v

v

> 0. (T)=9

Nesamosdruzeny operator (7 # T*):
» o(T)Z R
Rotovany oscilator [Davies 99]:
R= —% +iz? na L?(R)
o(R) = {e™*(2n+1) | n € N}

necht A =ReA+ilm\ € o(T),v € H#
1A = N9 )* = (A = Re N)pp||* + [T A [[4h]|* > [T AJ* |||
Weylovo kritérium: InA#0 = X¢ o(7T)
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Spektrum — A k ¢emu je to dobré?

» Diagonalizace a separace proménnych

u(z,0) = f(z)
(initial temp. distribution)
u(0,t) =0 f() u(l,t) =0
| I
0 l

Fourieruv problém vedeni tepla



Spektrum — A k ¢emu je to dobré?

» Diagonalizace a separace proménnych

» Rezonance

Tacoma Narrows Bridge (1940)
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» Diagonalizace a separace proménnych
» Rezonance

» Asymptoticky vyvoj a stabilita

Zvuk zvonu



Spektrum — A k ¢emu je to dobré?

» Diagonalizace a separace proménnych
» Rezonance

» Asymptoticky vyvoj a stabilita

Pro¢ potrebujeme néco vic?
. . . o ,
» spektrum vhodné pro popis systémi s ,, péknym* systémem
vlastnich funkei
» samosdruzené, normalni operatory

? nenormalni operdtory — spektrum pro popis nestaci



Spektrum — A k ¢emu je to dobré?

» Diagonalizace a separace proménnych
» Rezonance

» Asymptoticky vyvoj a stabilita

Pro¢ potrebujeme néco vic?
» spektrum vhodné pro popis systémi s ,, péknym* systémem
vlastnich funkci
» samosdruzené, normalni operatory
? nenormalni operdtory — spektrum pro popis nestaci
“In the highly non-normal case, ..., the location of the eigenvalues may be

as fragile an indicator of underlying character as the hair color of a

Hollywood actor.”



éasovy VYVOj

A samosdruzeny pozitivni:
» fefeni f(t) = e~ Af;

> ||e—tA|| _ e—tinfa(A)

of
o =Y

f0) =fo



éasovy VYVOj

A samosdruzeny pozitivni:
> Teseni f(t) = e )y

> He—tA” _ e—tinfa(A)

A normalni, o(A) C C4
> ”eftA” _ eftinfRea(A)

of
o =Y

f0) =fo



éasovy VYVOj

of

o =Y
f0)=fo
A nenormalni
A samosdruzeny pozitivni: > A= (O 1>
> Teseni f(t) = e )y 00
> He—tA” — o—tinfo(A) > o(A) ={0}
= otekavali bychom |le™*|| = 0

A normalni, o(A) C C4
> ”eftA” _ eftinfRea(A)



éasovy'vyvoj

A samosdruzeny pozitivni:
> Teseni f(t) = e )y

> He—tA” _ e—tinfa(A)

A normalni, o(A) C C4
> ”eftA” _ eftinfRea(A)

of
o =Y

f0)=1/
A nenormalni
0 1
’A_Q 0
- o(8) = 0}
= otekavali bychom |le™*|| = 0

1 —t
—tA __
Sa (Y

> le”®|| > 1prot>0



éasovy VYVOj

le™




éasovy VYVOj

le™

A cervena, B modra



Pseudospektrum

Pro matici a operator definujeme e-pseudospektrum

o.(T) = o(T) U {Aec(HT A~ H>51}



Pseudospektrum
Pro matici a operator definujeme e-pseudospektrum
o.(T) = o(T) U {)\ eC ( H(T - A)*H > el }
Proc¢?

» Tradi¢né —,, Je T — A singularni?“

» Nové —,Je ||(T — \) 7Y velka?"



Pseudospektrum

Pro matici a operator definujeme e-pseudospektrum
o.(T) = o(T) U {Aec(H T\~ H > e 1}
Proc?

» Tradi¢né —,, Je T — A singularni?“

» Nové —,Je ||(T — \) 7Y velka?"

Historie
1967: Varah — r-aproximate eigenvalues
1975: Landau — e-aproximate eigenvalues
1982: Godunov et al. — spectral portrait
1990: Trefethen — e-pseudospectrum

1992: Hinrichsen, Pritchard — spectral value set



Pseudospektrum — matice

Normélni matice (AA* = A*A):
A=UDU!, kde
» U je unitdrni (U* = U~1)

MO0 .0
sp—| 0 A 0 ,o(A) = {1, Aa, - AN
0 0 ... Ay

1
— -1 — —_ -1 — -
IA =27 ==\ = max { = /\|}
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Normélni matice (AA* = A*A):
A=UDU!, kde
» U je unitdrni (U* = U~1)

MO0 ...0
sp= |0 Pt - 0 ,o(A) = {1, e, ..., AN}
0 0 ... Ay

1
_ -1 — _ -1 — -
I8 =21 = 1D = 2~ = s {2

= 0. (A) ={X e C|dist(\,0(A)) <&}



Pseudospektrum — matice

Normélni matice (AA* = A*A):
A=UDU!, kde
» U je unitdrni (U* = U~1)

MO0 ...0
sp= |0 Pt - 0 ,o(A) = {1, e, ..., AN}
0 0 ... Ay

T R
1A =07 = (=X “-%ﬁxzv{w—kl

= 0. (A) ={X e C|dist(\,0(A)) <&}

Nenormélni matice (AA* # A*A):

1
— N7 >
s =212 max {5t )




Pseudospektrum — matice

Normélni matice (AA* = A*A):
A=UDU!, kde
» U je unitdrni (U* = U~1)

MO0 .0
sp—| 0 A 0 ,o(A) = {1, Aa, - AN
0 0 ... Ay

T R
1A =07 = (=X “-%ﬁxzv{w—kl

= 0. (A) ={X e C|dist(\,0(A)) <&}
Nenormélni matice (AA* # A*A):

1
N4 > -
I8 =271 max { o )

= 0.(A)D {\eC|dist(\,o(A)) < e}



Pseudospektrum — operatory

Normédln{ operdtory (T7T* = T*T)
v
dist(A, o (T))
= 0.(T)={X e C|dist(\,0(T)) <e}

(T =27 =



Pseudospektrum — operatory
Normédln{ operdtory (T7T* = T*T)
1
dist(A, o (T))
= 0.(T)={X e C|dist(\,0(T)) <e}
Nenormélni operatory (77" # T*T)

(T =27 =

—1” > ;
dist(A, o (T))

= 0.(T) D {\€C |dist(\,o(T)) < &}

(T =)



Pseudospektrum — operatory
Normédln{ operdtory (T7T* = T*T)
1
dist(A, o (T))
= 0 (T)={N e C|dist(\,o(T)) < e}
Nenormélni operatory (77" # T*T)

(T =27 =

—1” > ;
dist(A, o (T))

= 0 (T)D {\eC|dist(\,o(T)) < e}

(T =)

Existuje-li 2 tak, ze 7= Q N Q, kde N je normalni, Q a Q! jsou
omezené:

o(T) C {)\ e C|dist(\,0(T)) < re},
kde x = [|Q/|[|27!]|| (kondién{ &fslo).



Pseudospektrum — operatory
Normélni operatory (77* = T*T)
1
dist(A, o(T))
= 0.(T)={) e C|dist(\,0(T)) <e}
Nenormalni operatory (TT* # T*T)

(T =7 =

Pseudospektrum rotovaného oscildtoru



Pitklady

Re A

e=1=04,05,0.75, 1, 1.25, 1.5, 1.75, 2, 2.5, 3 (od vn&js{ po vnitin)



Pitklady

o = O
o O

Re A

e=1=04,0.5,0.75, 1, 1.25, 1.5, 1.75, 2, 2.5, 3 (od vn&jsi po vnitin)



Pitklady

o o

Re A Re A

e=1=04,0.5,0.75, 1, 1.25, 1.5, 1.75, 2, 2.5, 3 (od vn&js{ po vnitin)
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> o(T)= ) 0.(T)
e>0



Vlastnosti

> 0., (T) Co,(T)pro0<e; <ey

> o(T) = (1 0=(T)
e>0

> Spektralni stabilita

oe(T)= |J o(T+V)
IVi<e



Vlastnosti

> 0., (T)Co.,(T)pro0 <ey <ey

> o(T)= ) 0.(T)
e>0

> Spektralni stabilita

oe(T)= |J o(T+V)
IVi<e

» Pseudomédy: A € 0.(T) < X € o(T) nebo I € Dom(T) tak, ze

(T =Nl < el



Vlastnosti

> 0., (T)Co.,(T)pro0 <ey <ey

> o(T)= ) 0.(T)
e>0

v

Spektréalni stabilita

oe(T)= |J o(T+V)
IVi<e

v

Pseudomddy: A € 0.(T) < X € 0(T) nebo 3¢ € Dom(T) tak, ze

(T =Nl < el

> 0.(T) # @ pro vSechna € > 0



Vlastnosti

> 0., (T)Co.,(T)pro0 <ey <ey

> o(T) = (1 oe(T)

e>0

v

Spektralni stabilita

oe(T)= |J o(T+V)
IVi<e

v

Pseudomddy: A € 0.(T) < X € 0(T) nebo 3¢ € Dom(T) tak, ze

(T = )l < el

> 0.(T) # @ pro vSechna € > 0

» Kazdd omezend komponenta o.(7) mé neprazdny prunik s o(7T)



Spektralni stabilita - priklady
Legendrova diferen¢ni matice 12 x 12
e=1073,10"%,...,1077 (od vn&j$i po vnitini)

)




Spektralni stabilita - priklady
Legendrova diferen¢ni matice 12 x 12
e=1073,10"%,...,1077 (od vn&j$i po vnitini)
Vlastni hodnoty 100 ndhodnych matic A + V, kde ||V|| = 1073
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Spektralni stabilita - priklady
Legendrova diferen¢ni matice 12 x 12
e=1073,10"%,...,1077 (od vn&j$i po vnitini)
Vlastni hodnoty 100 ndhodnych matic A + V, kde ||V|| = 1073

01 T 01t

)
.

-0.2 0.1 o 0.2 0.1 L]

Tridiagonalni Toeplitzova matice 64 x 64
e=1072,10"2,...,1078 (od vn&jsi po vnitini)




Spektralni stabilita - priklady
Legendrova diferen¢ni matice 12 x 12
e=1073,10"%,...,1077 (od vn&j$i po vnitini)
Vlastni hodnoty 100 ndhodnych matic A + V, kde ||V|| = 1073

0.1

01

-0.2 -0.1 o 0.2 0.1 L]

Tridiagondalni Toeplitzova matice 64 x 64
e=1072,10"2,...,1078 (od vn&jsi po vnitini)
Vlastni hodnoty 100 ndhodnych matic A + V, kde ||V|| = 1072

| —




Ekvivalentni definice

o (T) = {/\e(C ‘ H(T—/\)_lH >s*1} (1)
o) = |J o(T+V) 2)
IVil<e

0e(T) =o(T) U{r € C | € Dom(T), [[¢[| = 1, [(T = A)|| < E}; )
3

Dikaz (pro A € CN*N):



Ekvivalentni definice

aE(T):{/\e(C‘H(T—/\)_lH >s*1} (1)

o) = |J o(T+V) 2)
IVil<e

0o(T) =o(T)U{A € C |3 € Dom(T),[|¥| =1, (T = N[l < E}i :

3

Dikaz (pro A € CN*N):
A € o(A) — trividlni
A ¢ o(A) = existuje (A — \)7!
(2) = (3): > plati (A + V)Z = \T
>» Ve CVN V] <eaZeCV, |7 =1
= (A =Nz| = [VZ|| < [[V][||Z]| <



Ekvivalentni definice

o (T) = {/\e(C ‘ H(T—/\)_lH >s*1} (1)
o:(T)= |J o(T+V) (2)
IVi<e
0o(T)=o(T)U{N € C |3 € Dom(T), [ = 1,[[(T = M| < E]i )
3
Dikaz (pro A € CN*N):
3) = (1) > (A—\)Z= s, kde |Z||, |7l =1,0<s<e
> (A= N)"1g=s17
> [(A=XN"= sup  [A-NT'F| =5 >t

geCN, ||gll=1



Ekvivalentni definice

aE(T):{Aec‘H(T_A)*Hx*l} (1)
oo(T)= |J o(T+V) (2)
IVi<e
0o(T) = o(T)U{A € C | I € Dom(T), [[y] =1, |(T = N < 5}(3)
Dikaz (pro A € CN*N):
M= s Aa=-N" = sup [(A-N"1F >
gECH,||7]l=1

» (A- N1 =517 kde |Z],||7]| =1,0<s<e

> (A—N)Z=sy

? chceme najit V€ CVXV tak, aby ||V|| = s a VZ = sy
? pak (A+V)Z = \Z

» muzeme volit V := syz*

> VI = syzi*2d = sj



Dtikaz pro operatory

Lemma
Necht T € €(H#) a T~ € B(AH) a VeBH),|V|<1/|T.
Pak (T + V)71 existuje a plati

- [
(T + V)= < -
L= [[VIHT=1]

Naopak, pro kazdé p > 1/||TY|| existuje V € B(H), | V| < p
takové, ze (T 4+ V)i = 0 pro néjaké nenulové ¢ € .

Dukaz.



Dtikaz pro operatory

Lemma
Necht T € €(H#) a T~ € B(AH) a VeBH),|V|<1/|T.
Pak (T + V)~! existuje a plati

: sl
I+ V) < =
T | VI

Naopak, pro kazdé p > 1/||TY|| existuje V € B(H), | V| < p
takové, zZe (T 4+ V)i = 0 pro néjaké nenulové ¢ € .

Dukaz.

Prvni ¢ast:
s (T+ V)= (I+ VT H)T) " =TI+ VT-1)~?
VT <1 = (T4 VT )T =Y (VT

_ _ +oo _ 1 71
(T V)T < T S - VI < ey



Dtikaz pro operatory

Lemma
Necht T € €() a T~ € B(AH) a Ve B(H),|V|<1/|T.
Pak (T + V)~! existuje a plati

- [
(T + V)M < — =
L= [[VI[IT=H]

Naopak, pro kazdé pu > 1/|| T~ existuje V € B(H), | V|| < u
takové, Ze (T + V)¢ = 0 pro néjaké nenulové i € H.
Dikaz.
Druhé ¢ast:

> T = sup (T =) > pT

YECN,[[p)l=1
> existuje i € 2, ||| = 1 tak, ze ¢ = T splituje ||@|| < u
» definujeme operator V: ¢ — —¢, | V|| < p (Hahn-Banachiv

teorém)

S (T+V)p=¢—6=0



Dtikaz pro operatory

Lemma
Necht T € €() a (T =X)L € B(H) a V € B(H),
IVII<1/I(T— X)7|. Pak (T +V — X)~! existuje a plati

NT-207
L= VAT = X0

T+ V—2)7 <

Naopak, pro kazdé p > 1/|[(T — X))~ existuje V € B(7),
VIl < p takové, Ze (T + V — X ) =0 pro néjaké nenulové ¢ € .



Dtikaz pro operatory
Lemma
Necht T € €(H) a (T =X)L € B(H) a V€ B(H),
VI <1/I(T— X)7Y. Pak (T + V — X)~! existuje a plati

(T = 271

T+V— )< )
I s L= V(T = A)~

Naopak, pro kazdé p > 1/||(T — X)7Y| existuje V € B(H),
|V < u takové, Ze (T + V — X ) =0 pro néjaké nenulové ¢ € .

Diisledky:
> (T =X 2 gty

» pro u > [|[(T — XN) 71|71 existuje V, | V]| < u tak, Ze
(T+ V)=, ]| =1



Dtikaz pro operatory

crg(T):{/\e(C‘H(T—/\)_lH>s’1} (4)
oe(T) = U o(T+V) (5)
IVi<e

0e(T) = o(T)U{r € C 3¢ € Dom(T), [ = 1, [[(T = M9 < 6}( )
6



Dtikaz pro operatory

o.(T) = {)\EC‘HT A~ H>gl} (4)

o(T)= |J o(T+V) (5)
IVii<e

0:(T) =0o(T)U{A € C |3 € Dom(T), [¢|| = 1, (T — Nl <€]& :

6

A € o(T) — trividlni
A ¢ o(T) = existuje (T — \)~!



Dtikaz pro operatory

aE(T):{AecH‘(T_A)*Hx*l} (4)
oe(T) = U o(T+V) (5)
IVi<e

0e(T) = o(T)U{r € C 3¢ € Dom(T), [ = 1, [[(T = M9 < 6}( )
6

(5) = (6):
> (T+ V)Y =Xy, | V]| <&, ¢ € Dom(T), [[¢] =1

> (T =Nl =Vl <e



Dtikaz pro operatory

aE(T):{AecH‘(T_A)*Hx*l} (4)
oe(T) = U o(T+V) (5)
IVi<e

0e(T) = o(T)U{r € C 3¢ € Dom(T), [ = 1, [[(T = M9 < 6}( )
6

(5) = (6):
> (T+ V)Y =Xy, | V]| <&, ¢ € Dom(T), [[¢] =1

> (T =Nl =Vl <e
(6) = (4):
> (T =N =519 [¢l.llel =1, s<e
> (T =N = (T =N =57t >e7!



Dtikaz pro operatory

aE(T):{AeC‘H(T-A)*Hx*l} (4)

oe(T) = U o(T+V) (5)
IVil<e

0(T) =0o(T)U{A € C |3 € Dom(T),[[¥| =1, (T = N[ < 6}@

(5) = (6):

> (T+ V)Y =Xy, | V]| <&, ¢ € Dom(T), [[¢] =1
> (T =Ml =Vl <e

> (T =N =51, Yl 6l =1,s<e
> (T =N = (T =N =57t >e7!

> > 1/|(T =X

= Lemma — existence operatoru V



Dékuji za pozornost!

http://gemma.ujf.cas.cz/~r.novak
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