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Vlastnosti hermitovskych matic

Necht A € C™" je hermitovskd matice, pak ma ndsledujici vlastnosti:
@ 0(A) C R = lze sefadit vlastni &isla A\ < --- < A\,
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Vlastnosti hermitovskych matic

Necht A € C™" je hermitovskd matice, pak ma ndsledujici vlastnosti:
@ 0(A) C R = lze sefadit vlastni &isla A\ < --- < A\,

@ vlastni vektory pfislusné riiznym vlastnim &islim jsou ortogonalni
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Vlastnosti hermitovskych matic

Necht A € C™" je hermitovskd matice, pak ma ndsledujici vlastnosti:
@ 0(A) C R = lze sefadit vlastni &isla A\; < --- < A,
@ vlastni vektory pfislusné riiznym vlastnim &islim jsou ortogonalni

@ existuje ortonormalni bdze C” slozena z vlastnich vektorti
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Rayleigh

Véta (Rayleigh)

Necht A € C™" je hermitovskd matice s vlastnimi &isly A\; < --- < .

Necht iy, - , iy jsou pFirozend &isla, pro kterd platil < iy < --- < i < n.
Necht déle xi,, - - , xj, jsou ortonormdlni vektory, pro které plati
Ax;, = \j,Xj, pro kazdé p=1,--- ,k a § =[x, -+, x;]r. Potom plati
X*Ax
Q )\, = min *Ax < max x"Ax =
{XGSIX#O} X*x  {xeS|lx|=1} {xeS|lIxlI=1}
x*Ax
max = Aj,
{xeS|x#0} X*X

Q@ )\ < x*Ax <\, pro kaZdy jednotkovy vektor x € S s rovnosti na
pravé resp. levé strané pravé tehdy, kdyZ Ax = \j x resp. Ax = \j x
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Rayleigh

k
Necht x je jednotkovy vektor z S, x = > ajx;
j=1
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Rayleigh

k
Necht x je jednotkovy vektor z S, x = > ajx;

j=1
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Rayleigh

k

Necht x je jednotkovy vektor z S, x = Zl o Xij
J:
k
oty i 5
l=x"x= 3 Qpagx]xi,
p,q=1
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Rayleigh

k

Necht x je jednotkovy vektor z S, x = > ajx;
j=1
K 2 2
— ¥y — = Xy —
1=x*x= Zlapaqxipx,q = |a1]? 4 - 4 |ou]
P,q=
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Rayleigh

Diikaz.

Necht x je jednotkovy vektor z S, x = > ajx;

j=1
K
1=x*x= Zla_paqxl?;x,-q = ]a1|2 4t ’ak‘2
p,q=

xX*Ax = (alx,-l oo =E OékX,'k)*(OzlAX,'l qFooo e akAx;k)
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Rayleigh

Diikaz.

Necht x je jednotkovy vektor z S, x = > ajx;

j=1
K
1=x*x= Zla_paqxl?;x,-q = ]a1|2 4t ’ak‘2
p,q=

xX*Ax = (alx,-l GFoocF OékX,'k)*(OzlAX,'l SFooo=F akAx;k) =
(oaxi1 + -+ apXie)* (1 Ay i1 + - - - + o Ai Xik)
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Rayleigh

Diikaz.

Necht x je jednotkovy vektor z S, x = > ajx;

j=1
K
1=x*x= Zla_paqxl?;x,-q = ]a1|2 4t ’ak‘2
p,q=

xX*Ax = (alx,-l oo =E OékX,'k)*(OzlAX,'l qFooo e akAx;k) =
(axit + -+ arxig) (@1 X + -+ - + arXixik) = [aa[PAi + - + okl A,
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Rayleigh

Diikaz.

Necht x je jednotkovy vektor z S, x = > ajx;

j=1
K
1=x*x= Zla_paqxl?;x,-q = ]a1|2 4t ’ak‘2
p,q=

xX*Ax = (alx,-l qFocoqF OékX,'k)*(OzlAX,'l GFocoqF akAx;k) =]
(axit + -+ arxig) (@1 X + -+ - + arXixik) = [aa[PAi + - + okl A,
x*Ax je konvexni kombinace A, -, Aj, = A < x*Ax <\,
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Rayleigh

Diikaz.

Necht x je jednotkovy vektor z S, x = > ajx;

j=1
K
1=x*x= Zla_paqxl?;x,-q = ]a1|2 4t ’ak‘2
p,q=

xX*Ax = (alx,-l qFocoqF OékX,'k)*(OzlAX,'l GFocoqF akAx;k) =]
(axit + - 4 arxig) (@i X + -+ - + ak X xik) = P\, +
x*Ax je konvexni kombinace Aj,--- , Aj, = A <x*Ax <A
laa [Py + -+ + okl i, = i

ik

oA,
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Rayleigh

Diikaz.

Necht x je jednotkovy vektor z S, x = > ajx;

j=1
K
1=x*x= Zla_paqx;;x,-q = ]a1|2 4t ’ak‘Z
p,q=

xX*Ax = (alx,-l qFocoqF OékX,'k)*(OzlAX,'l GFocoqF akAx;k) =]

(cxip + -+ - + arxik) (X xin + -+ au i Xin) = |ea A + - -+ + o2,
x*Ax je konvexni kombinace A, -, Aj, = A < x*Ax <\,

laa [P\ + -+ + |ak]?Ni, = Ni, & ap = 0 kdykoliv

iy 7 Aig
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Rayleigh

Diikaz.

Necht x je jednotkovy vektor z S, x = > ajx;

j=1
K
1=x*x= Zla_paqx;;x,-q = ]a1|2 4t ’ak‘Z
p,q=

xX*Ax = (alx,-l qFocoqF OékX,'k)*(OzlAX,'l GFocoqF akAx;k) =]
(cnxis + - - +auxie)*(QadipXin + - - -+ ardjxin) = laa Py +- - -+ ou* A,
x*Ax je konvexni kombinace A, -, Aj, = A < x*Ax <\,
laa [P\ + -+ + |ak]?Ni, = Ni, & ap = 0 kdykoliv
)\,'P 75 )\,‘k = X = Z apXi,
{pINiy=Xi, }
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Rayleigh

Diikaz.

Necht x je jednotkovy vektor z S, x = > ajx;

j=1
K
1=x*x= Zla_paqx;;x,-q = ]a1|2 4t ’ak‘Z
p,q=

xX*Ax = (alx,-l qFocoqF OékX,'k)*(OzlAX,'l GFocoqF akAx;k) =]

(cnxis + - - +auxie)*(QadipXin + - - -+ ardjxin) = laa Py +- - -+ ou* A,

x*Ax je konvexni kombinace A, -, Aj, = A < x*Ax <\,

laa [P\ + -+ + |ak]?Ni, = Ni, & ap = 0 kdykoliv

Ajp F A & x = Y. apxj, < x je vlastni vektor p¥isludny A;,
{pINiy=Xi, }
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Princip minimaxu

Necht Sy, - -, Sk jsou podprostory C". Pokud

0=dimS; + .-+ +dim Sk + (k — 1)n > 1, pak existuji ortonormalni
vektory xq,- -+ ,Xxs takové, Ze xi,--- ,x5 € S; pro kazdé i =1,--- , k, tedy
S1 N ---N Sk obsahuje alespori jeden jednotkovy vektor.
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Princip minimaxu

Lemma (1)

Necht Si,--- , Sk jsou podprostory C". Pokud

0=dimS; + .-+ +dim Sk + (k — 1)n > 1, pak existuji ortonormalni
vektory xq,- -+ ,Xxs takové, Ze xi,--- ,x5 € S; pro kazdé i =1,--- , k, tedy
S1 N ---N Sk obsahuje alespori jeden jednotkovy vektor.

Dikaz.
dim(51ﬂ52) = dim S;+dim 52—dim(51+52)

| \
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Princip minimaxu

Lemma (1)

Necht Si,--- , Sk jsou podprostory C". Pokud

0=dimS; + .-+ +dim Sk + (k — 1)n > 1, pak existuji ortonormalni
vektory xq,- -+ ,Xxs takové, Ze xi,--- ,x5 € S; pro kazdé i =1,--- , k, tedy
S1 N ---N Sk obsahuje alespori jeden jednotkovy vektor.

Dikaz.
dim(51ﬂ52) = dim S;+dim 52—dim(51+52) > dim S;+dimS,—n=§ >1

| \
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Princip minimaxu

Lemma (1)

Necht Si,--- , Sk jsou podprostory C". Pokud

0=dimS; + .-+ +dim Sk + (k — 1)n > 1, pak existuji ortonormalni
vektory xq,- -+ ,Xxs takové, Ze xi,--- ,x5 € S; pro kazdé i =1,--- , k, tedy
S1 N ---N Sk obsahuje alespori jeden jednotkovy vektor.

Diikaz.

dim(51ﬂ52) = dim S;+dim 52—dim(51+52) > dim S;+dimS,—n=§ >1
Matematickou indukci:
dim($51N---NSk)=dimS; +---+dimS, —(k—1)n=6>1

| \
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Princip minimaxu

Lemma (1)

Necht Si,--- , Sk jsou podprostory C". Pokud

0=dimS; + .-+ +dim Sk + (k — 1)n > 1, pak existuji ortonormalni
vektory xq,- -+ ,Xxs takové, Ze xi,--- ,x5 € S; pro kazdé i =1,--- , k, tedy
S1 N ---N Sk obsahuje alespori jeden jednotkovy vektor.

| \

Dikaz.

dim(51ﬂ52) = dim S;+dim 52—dim(51+52) >dimS;+dimS,—n=6 > 1
Matematickou indukci:
dim($51N---NSk)=dimS; +---+dimS, —(k—1)n=6>1

Za vektory xi,- - - , xs lze zvolit libovolnych § &lent ortonormalni baze
SiN---N Sk L]

v
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Princip minimaxu

Necht f je omezend redind funkce na mnoZin& S. Necht ddle S a Sy jsou
mnoZiny takové, 2e S; # () a Sy C S, C S. Potom

f > f > f > f
ugydled) 2 nerdibs) = niuiles) 2 i)

Necht A € C™" je hermitovskd matice s vlastnimi &isly
A(A) < -+ < A,(A). Potom vlastni &isla matice —A jsou sefazena
—An(A ) - < =A1(A) neboli Ag(—A) = —Ap—k+1(A),k=1,--- ,n
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Princip minimaxu

Véta (Courant-Fischer)

Necht A € C™" je hermitovskd matice s vlastnimi &isly Ay < --- < \,.
Necht dile k =1,--- ,n a S zna& podprostor C". Potom

. x*Ax
k= min max
{S|dim S=k}{x€S|x#0} X*X

) x*Ax
Ak = max min
{S|dim S=n—k+1}{x€S|x#£0} X*X
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Necht vlastni vektory xq,--- , x, € C" tvo¥i ortonormdlni bazi C", S je
libovolny podprostor s dimenzi k, S" =[xk, -+, Xn]x.
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Diikaz

Necht vlastni vektory xq,--- , x, € C" tvo¥i ortonormdlni bazi C", S je
libovolny podprostor s dimenzi k, S" =[xk, -+, Xn]x.

dimS +dimS —n
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Diikaz

Necht vlastni vektory xi,--- ,x, € C" tvo¥i ortonormdlni bazi C", S je
libovolny podprostor s dimenzi k, S" =[xk, -+, Xn]x.

dmS+dmS —n=k+n—k+1—n=1
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Diikaz

Necht vlastni vektory xi,--- ,x, € C" tvo¥i ortonormdlni bazi C", S je
libovolny podprostor s dimenzi k, S" =[xk, -+, Xn]x.

dmS+dmS —n=k+n—k+1—-n=1=3IxeSNS x#0
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Diikaz

Necht vlastni vektory xi,--- ,x, € C" tvo¥i ortonormdlni bazi C", S je

libovolny podprostor s dimenzi k, S" =[xk, -+, Xn]x.

dmS+dimS —n=k+n—k+1—-n=1=3IxeSNS x#0
x*Ax

max
{xeS|x#0} X*Xx
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Necht vlastni vektory xi,--- ,x, € C" tvo¥i ortonormdlni bazi C", S je
libovolny podprostor s dimenzi k, S" =[xk, -+, Xn]x.
dmS+dmS —n=k+n—k+1—-n=1=3IxeSNS x#0
x*Ax x*Ax . x*Ax
max > max > min
{x€S|x#0} X*X {x€SNS’|x£0} X*X {x€SNS’|x£0} X*X
x*Ax

min
{xeS’|x£0} Xx*X
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Necht vlastni vektory xi,--- ,x, € C" tvo¥i ortonormdlni bazi C", S je
libovolny podprostor s dimenzi k, S" =[xk, -+, Xn]x.
dmS+dmS —n=k+n—k+1—-n=1=3IxeSNS x#0
x*Ax x*Ax . x*Ax
max > max > min
{x€S|x#0} X*X {x€SNS’|x£0} X*X {x€SNS’|x£0} X*X
x*Ax

min
{xeS’|x£0} Xx*X
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Necht vlastni vektory xi,--- ,x, € C" tvo¥i ortonormdlni bazi C", S je
libovolny podprostor s dimenzi k, S" =[xk, -+, Xn]x.
dmS+dmS —n=k+n—k+1—-n=1=3IxeSNS x#0
x*Ax x*Ax . x*Ax
max > max > min >
{x€S|x#0} X*X {x€SNS’|x£0} X*X {x€SNS’|x£0} X*X
x*Ax
min =
{xeS"|x#0} X*X
x*Ax
min max > A

{S|dim S=k}{x€S|x#£0} X*x
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Necht vlastni vektory xi,--- ,x, € C" tvo¥i ortonormdlni bazi C", S je
libovolny podprostor s dimenzi k, S" =[xk, -+, Xn]x.
dmS+dmS —n=k+n—k+1—-n=1=3IxeSNS x#0
x*Ax x*Ax . x*Ax
max > max > min >
{x€S|x#0} X*X {x€SNS’|x£0} X*X {x€SNS’|x£0} X*X
x*Ax
min =
{xeS"|x#0} X*X
x*Ax
min max > A

{S|dim S=k}{x€S|x#£0} X*x

Zvolim S = [x1, -, xk]a
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Dukaz

|

Necht vlastni vektory xi, - - -

, Xp € C" tvoFi ortonormalni bazi C", S je

libovolny podprostor s dimenzi k, S" =[xk, -+, Xn]x.
dmS+dimS —n=k+n—k+1—-n=1=3xeSNS x#0
x*Ax x*Ax x*Ax
max > max > min >
{x€S|x#0} X*X {x€SNS’|x£0} X*X {x€SNS’|x£0} X*X
x*Ax
min =
{xeS’|x#0} X*x
x*Ax
min max > Ak
{S|dim S=k}{x€S|x#£0} X*x
A
Zvolim S =[x, -+, xk]x , Xk Xk = A
k k
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Dukaz

|

Necht vlastni vektory xi, - - -

, Xp € C" tvoFi ortonormalni bazi C", S je
libovolny podprostor s dimenzi k, S" =[xk, - - -

) Xn])\-

dmS+dmS —n=k+n—k+1—-n=1=3IxeSNS x#0

X*Ax Xx*Ax
max > max
{x€S|x#0} X*X {x€SNS’|x£0} X*X
X*Ax
min =
{xeS'|x#0} X*x
Xx*Ax
min max > A
{S|dim S=k}{x€S|x#£0} X*x
X AX
Zvolim S = [x1,-- - , LRl

k

Xk])u —)\k:>
X[ Xk

x*Ax
>

> min
{x€SNS’|x£0} X*X

. x*Ax
min maxXx
{S| dim S=k}{x€S|x#0} X*Xx
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Princip minimaxu

x*(=A)x
-k = min max ———
{S|dim S=n—k+1}{x€S|x£0} X*X
x*Ax
min max (— )
{S\dlmS n—k+1}Hx€eS|x£0} X*X
. . x*Ax
= min (= min )
{S|dim S=n—k+1} {x€S|x#0} X*X
. x*Ax
=—( max min )
{S]dim S=n—k+1}{x€S|x#£0} X*X
O
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Weyl

Véta (Weyl)

Necht A, B € C" jsou hermitovské matice, {u;}"_, vlastni &sla pFislusnd
A, {vi}f_, vlastni &isla pFislusna B a {\;}?_, vlastni &isla pFislusnd A+ B.
Potom

ANi < pigj+vnj, j=0,1,---,n—iprokaZdé i=1,---  n.
Rovnost nastava pravé tehdy, kdyZ pro par i,j existuje nenulovy vektor x
tak, Ze Ax = pipjx, Bx =vp_jx a (A4 B)x = Ajx.

Dale také
Mi—jy1+vi >N, j=1,--- i prokaZdé i=1,--- ,n.

Rovnost nastava pravé tehdy, kdyZ pro par i, j existuje nenulovy vektor x
tak, Ze Ax = pi—j41x, Bx =vjx a (A+ B)x = Aix.
Pokud A a B nemaji Zddna spolecnad vlastni &isla, obé nerovnosti jsou ostré.
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Weyl

Dikaz.

Necht x1,--+ ,Xn, Y1, ,¥n @ Z1,- - , Z, jsou ortonormalni vlastni vektory
matic A, B a A+ B tak, Ze plati Ax; = pixi, Byi = viyi, (A+ B)z; = \jz;
proi=1,---.n
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Weyl

Duikaz.

Necht x1,--+ ,Xn, Y1, ,¥n @ Z1,- - , Z, jsou ortonormalni vlastni vektory
matic A, B a A+ B tak, Ze plati Ax; = pixi, Byi = viyi, (A+ B)z; = \jz;
proi=1,---.n

NeChf 51 — [X17 o aXI'Jr_I'])u 52 — [)’17 o 7Yn—j]>\ a 53 — [ZI'7‘ c 7Zn])\ pro

danéi:17...’naj:0’]_,...’n_J
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Weyl

Dikaz.

Necht x1,--+ ,Xn, Y1, ,¥n @ Z1,- - , Z, jsou ortonormalni vlastni vektory
matic A, B a A+ B tak, Ze plati Ax; = pixi, Byi = viyi, (A+ B)z; = \jz;
proi=1,---.n

NeChf 51 — [X17"' aXI'Jr_I'])u 52 — [)’17“‘ 7Yn—j]>\ a 53 — [ZI'7‘ c 7Zn])\ pro

danéi=1,--- ,naj=0,1,--- ,n—j
dim S; +dim S, + dim S3 — 2n
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Weyl

Dikaz.

Necht x1,--+ ,Xn, Y1, ,¥n @ Z1,- - , Z, jsou ortonormalni vlastni vektory
matic A, B a A+ B tak, Ze plati Ax; = pixi, Byi = viyi, (A+ B)z; = \jz;
proi=1,---.n

NeChf 51:[X17"' aXI'Jr_I'])u 52:[.)/17'” 7Yn—j]>\ a 53:[21'7”' 7Zn])\ pro
danéi=1,---,naj=0,1,--- ,n—j
dimS; +dimS, +dimSs —2n=i+j+n—j+n—i+1—2n=1
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Weyl

Dikaz.

Necht x1,--+ ,Xn, Y1, ,¥n @ Z1,- - , Z, jsou ortonormalni vlastni vektory
matic A, B a A+ B tak, Ze plati Ax; = pixi, Byi = viyi, (A+ B)z; = \jz;
proi=1,---.n

Necht’ 51 = [Xl,'-- ,Xi+j])\, 52 = [yl,--- ,y,,,j],\ a 53 = [Z,',‘-' ,Z,,])\ pro
danéi=1,---,naj=0,1,--- ,n—j

dimS; +dimS, +dimSs —2n=i+j+n—j+n—i+1—2n=1
Ai(A+ B)
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Weyl

Dikaz.

Necht x1,--+ ,Xn, Y1, ,¥n @ Z1,- - , Z, jsou ortonormalni vlastni vektory
matic A, B a A+ B tak, Ze plati Ax; = pixi, Byi = viyi, (A+ B)z; = \jz;

proi=1,---.n

Necht’ 51 = [Xl,'-- ,Xi+j])\, 52 = [yl,--- ,y,,,j],\ a 53 = [Z,',‘-' ,Z,,])\ pro

danéi=1,---,naj=0,1,--- ,n—j

dimS; +dimS, +dimSs —2n=i+j+n—j+n—i+1—2n=1
Ai(A+ B) < x*(A+ B)x = x*Ax + x*Bx
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Weyl

Dikaz.

Necht x1,--+ ,Xn, Y1, ,¥n @ Z1,- - , Z, jsou ortonormalni vlastni vektory
matic A, B a A+ B tak, Ze plati Ax; = pixi, Byi = viyi, (A+ B)z; = \jz;

proi=1,---.n

Necht’ 51 = [Xl,'-- ,Xi+j])\, 52 = [yl,--- ,y,,,j],\ a 53 = [Z,',‘-' ,Z,,])\ pro

danéi=1,---,naj=0,1,--- ,n—j

dimS; +dimS, +dimSs —2n=i+j+n—j+n—i+1—2n=1
ANi(A+ B) < x*(A+ B)x = x*Ax + x*Bx < pitj + Vnj

Vojtéch Smid (FJFI CVUT) Princip minimaxu a aplikace



Weyl

Duikaz.

Necht x1,--+ ,Xn, Y1, ,¥n @ Z1,- - , Z, jsou ortonormalni vlastni vektory
matic A, B a A+ B tak, Ze plati Ax; = pixi, Byi = viyi, (A+ B)z; = \jz;
proi=1,---.n

Necht S = [x1, -+, xijln S2 =1, -+ s Yn—jlx @ S3 = [z, -+, zn]x pro

danéi=1,--- ,naj=0,1,--- ,n—j
dimS; +dimS, +dimSs —2n=i+j+n—j+n—i+1—2n=1
ANi(A+ B) < x*(A+ B)x = x*Ax + x*Bx < pitj + Vnj
“Ao-is1(A+ B) = M(—A— B) < uisi(—A) + vo—i(~B) =
—pn—i—j+1(A) = vj4+1(B)
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Weyl

Duikaz.

Necht x1,--+ ,Xn, Y1, ,¥n @ Z1,- - , Z, jsou ortonormalni vlastni vektory
matic A, B a A+ B tak, Ze plati Ax; = pixi, Byi = viyi, (A+ B)z; = \jz;
proi=1,---.n

Necht S = [x1, -+, xijln S2 =1, -+ s Yn—jlx @ S3 = [z, -+, zn]x pro

danéi=1,--- ,naj=0,1,--- ,n—j
dimS; +dimS, +dimSs —2n=i+j+n—j+n—i+1—2n=1
ANi(A+ B) < x*(A+ B)x = x*Ax + x*Bx < pitj + Vnj
“Ao-is1(A+ B) = M(—A— B) < uisi(—A) + vo—i(~B) =
—pn—i—j+1(A) = vj4+1(B)

Po pteznateni i’ =n—i+1,j/=j+1

Air 2 w—jr41 + vy
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Dusledek

Disledek

Necht A, B € C" jsou hermitovské matice, {{1;}"_, vlastni &isla pFislusng A
a {\i}1_, viastni &isla pFislusnd A+ B. Necht B md pFesn& m kladnych a
presné o zdpornych vlastnich &isel. Potom

)\,‘S/,L,‘_H',I.:l,'--,n—ﬂ‘.

Rovnost nastdva pro néjaké i pravé tehdy, kdyZ B je singularni a existuje
nenulovy vektor x takovy, Ze Ax = pjt-x, Bx =0 a (A+ B)x = A\jx
Dale také

,U/,',QS)\,‘,I.:Q,"',H.

Rovnost nastava pro néjaké i pravé tehdy, kdyZ B je singularni a existuje
nenulovy vektor x takovy, Ze Ax = j_,x, Bx =0 a (A+ B)x = Aix.
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PoloZime-li ve Weylové vété j = 7, ziskdme

Ai < Witr + Vn—r
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PoloZime-li ve Weylové vété j = 7, ziskdme
Ai < Mitr + Vn—a< Witz
Vp—r <0

Rovnost nastava pravé tehdy, kdyz je B singularni.
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Duikaz.

PoloZime-li ve Weylové vété j = 7, ziskdme

Ai < Mitr + Vna< Ujitr
Un—z <0

Rovnost nastava pravé tehdy, kdyz je B singularni.
Druhou nerovnost ziskdme dosazenim j = o+ 1
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Princip monotonicity

Véta (Princip monotonicity)

A, B € C" jsou hermitovské matice, {p;}7_, vlastni &isla pFislusnd A a
{Ai}0_y vlastni &isla p¥islusnd A+ B a B je pozitivn& semidefinitni. Potom
wi <X, i=1--- n.

Rovnost nastava pro néjaké i pravé tehdy, kdyZ B je singularni a existuje

nenulovy vektor x takovy, Ze Ax = uix, Bx =0 a (A+ B)x = A\jx. Pokud
Jje B pozitivné definitni, potom

/’Li<)\i1i:1)"'7n-
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