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Rovinné kfivky
a Uvod

m K¥ivost
m Tecna a normdla
Prostorové k¥ivky

m K¥ivost
m Torze

m Frenetovy formulky
m Kdy to nefunguje
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m kfivka: ¢ : [a1, a] — R?

pozadujeme regularitu: ¢(t) #0 Vt € [ay, a]

t
m délka oblouku: s(t) = [ |¢(u)|du, s : [a1, a2] — [0, L]

m parametrizace délkou oblouku v = cos™! = |¥(s)| =1
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Oskula&ni kruznice a jeji konstrukce:

m kruZnice prochézejici c(t1), c(t2), c(t3)
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Oskula&ni kruznice a jeji konstrukce:

m kruZnice prochézejici c(t1), c(t2), c(t3)

m existuje limitni kruZnice pro t;, tp, t3 — t?
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Oskula&ni kruznice a jeji konstrukce:

m kruZnice prochézejici c(t1), c(t2), c(t3)
m existuje limitni kruZnice pro t;, tp, t3 — t?

m pokud ano, tak kde ma stfed?
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Necht h<b<ts

Definujeme f(t) = (c(t) — S(t1, t2, t3), c(t) — S(t1, ta, t3))
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Necht h<b<ts

Definujeme f(t) = (c(t) — S(t1, ta, t3), c(t) — S(t1, o, t3))
= f(t)=R?i=1,23

DA



Necht h<b<ts

Definujeme f(t) = (c(t) — S(t1, ta, t3), c(t) — S(t1, o, t3))
= f(t)=R?i=1,23

= (3&,&)(F(&) =0), & € (b, tirr)

DA



Necht t; < t, < t3

Definujeme f(t) = (c(t) — S(t1, ta, t3), c(t) — S(t1, o, t3))
=f(t)=R%*i=1,23
= (36, &)(F(&) = 0), & € (8, tiga)
= (3n)(f(n) =0), n € (&1,%)
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Frenet(iv repér prostorovych k¥ivek a kdy to nefunguje
L Rovinné KFivky
L Krivost

Pro pf¥ipomenuti vy = cos™ |y =1

Véta

Necht je ddna kfivka v : [0, L] — R?, v € C%. Pokud

4(s) # 0, potom pro body s, s, s3 dostatecné blizko s plati,
Ze y(s;) nelezi na pfimce. Dale, pro s; — s se kruZnice skrz
body ~(s;) bliZi k limitni kruZnici prochazejici bodem ~(s).
Pokud naopak 7(s) = 0, pak ani pokud body ~(s;) neleZi na
primce, tak neexistuje limitni kruZnice.



Frenet(iv repér prostorovych k¥ivek a kdy to nefunguje
L Rovinné KFivky
L Krivost

Pro pf¥ipomenuti vy = cos™ |y =1

Véta

Necht je ddna kfivka v : [0, L] — R?, v € C%. Pokud

4(s) # 0, potom pro body s, s, s3 dostatecné blizko s plati,
Ze y(s;) nelezi na pfimce. Dale, pro s; — s se kruZnice skrz
body ~(s;) bliZi k limitni kruZnici prochazejici bodem ~(s).
Pokud naopak 7(s) = 0, pak ani pokud body ~(s;) neleZi na
primce, tak neexistuje limitni kruZnice.

Polomér limitni kruZnice je ol ( 3 stfed leZi na normale ke
k¥ivce v v bod€ s.



Tetna: t(s) = 7(s)
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Tetna: t(s) = 7(s)

Normala: a(s) = (—ta(s), t1(s))
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Tetna: t(s) = 7(s)
Normala: a(s) = (—ta(s), t1(s))

Kivost: £(s) = #(s)(s), kde & = det(¥, 7)
Plati: |k| = |7



Tetna: t(s) = #(s)

Normala: a(s) = (—ta(s), t1(s))

Kivost: £(s) = #(s)(s), kde & = det(¥, 7)
Plati: |x| = |7
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il =[],

c=n7os,

K = det(»)/’ ’7)
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] =1,

c=n7os,
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K¥ivka: c:[a;,an] = R3 ce C3
KFivost:

m existuje limitni kruZnice jako u rovinnych?

m pokud ano, pak zase spliiuje nasledujici rovnice
(c(t),c(t)=5) = 0
(€(t),c(t) = 5) = —(e(), (1))
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Necht ~:[0, L] — R3, v € C?,4 # 0. Potom pro sy, s, $3

dostatené blizko s neleZi y(s;) na pfimce. Pro s; — s existuje
limitni rovina P skrz ~(s).
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Necht ~:[0, L] — R3, v € C?,4 # 0. Potom pro sy, s, $3
dostatené blizko s neleZi y(s;) na pfimce. Pro s; — s existuje
limitni rovina P skrz ~(s).

Oskulaéni rovina P je ur¢ena (s) a 5(s).
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Tetna: t(s) = ~(s)

Krivost: x(s) = |£(s)| = [5(s)|
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Tetna: t(s) = #(s)

Krivost: x(s) = |£(s)| = [5(s)|
Hlavni normiéla: n(s) = % pro K

(s) #0
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Tetna: t(s) = #(s)
K¥ivost: x(s) = |£(s)| = [5(s)|

Hlavni normila: n(s) = % pro k(s) # 0

Binorméla: b(s) = &(s) x a(s)



Tetna: t(s) = #(s)
K¥ivost: x(s) = |£(s)| = [5(s)|

Hlavni normila: n(s) = % pro k(s) # 0

Binorméla: b(s) = &(s) x a(s)

(f, @, b) je pozitivn& orientovana ON baze



Vyjdeme z vlastnosti £, i, b
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Vyjdeme z vlastnosti ¢,

rT,E:
(b,b) = 1= <E by =
<5>E> = 0= <BA>
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Vlyjdeme z vlastnosti ¢,
(b,b) = 1=
(bf) = 0=

Proto b = —7i

m, b:
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Ale jaky vyznam ma 77
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Ale jaky vyznam ma 77

m hodnota: délka b na v = fo |b (s)|ds = fo |7(s

)|ds
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Ale jaky vyznam ma 77

m hodnota: délka b nay = [ [b(s)

m znaménko: 7 = 5(¥ x 7, 7)

(s |ds—f0 I7(s

)|ds
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Ale jaky vyznam ma 77

m hodnota: délka b na v = Jo 1b(s)|ds = fo |7(s
m znaménko: 7 = 5(¥ x 7, 7)
tedy 7 >0<t,0,7

—

)|ds

7 jsou pravototiva bize R3
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2

c(t+ h) = c(t) + he(t) + %E(t) + %3'5(t) +O(h?)

DA



3

c(t+ h) — [c(t) + he(t) + h;c(t)] =

F'&'(t) +O(h?)
A tedy pro ¢(t) # 0 k¥ivka protind P v bod& t.
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c(t+ h) — [c(t) + he(t) + h;c(t)] =

3

TR +O(r)

DA



Pro k¥ivky s libovolnou parametrizaci:

|¢ x ¢
[l

(¢ x¢,0C)

(¢ X €, ¢xE)
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Co uZ mame:
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Co uZ mame:

Chybi nam tedy 7:

7l
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Co uZ mame:

Chybi ném tedy 7:

7l

S

t = kA
b = —7n
bxft

BXF+5X?
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Co uZ mame:

Chybi nam tedy 7:

7l

S

t = ki
b = —ri
bxft

BXF+5XF
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Is » Viviani
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https://upload.wikimedia.org/wikipedia/commons/8/87/Frenetframehelix.gif
https://upload.wikimedia.org/wikipedia/commons/7/70/Torus-Knot_nebeneinander_animated.gif
https://upload.wikimedia.org/wikipedia/commons/1/14/Frenet-Serret-frame_along_Vivani-curve.gif

Oskulaéni rovina: (t, )

Normdlova rovina: (1, b)

Rektifika&ni rovina: (£, b)
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Oskulaéni rovina: (t, )
Normdlova rovina: (1, b)

Rektifika&ni rovina: (£, b)
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UvaZujme k¥ivku c(t) = (¢, t?,t3)
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UvaZujme k¥ivku c(t) = (¢, t?,t3)
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Z definice n’

Y

b: k # 0, z definice 7: musi existovat /i
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Z definice @, b: k # 0, z definice 7: musf existovat i

Proto jsme uvazovali pouze k¥ivky, pro které plati:

c#0
Déle je nutné, aby ¢(t), ¢(t) byly LN.
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K¥ivka

c(t) =

(t,O, e—l/t2) L 0
(t.e7%.0) t>0
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Ale i pro kfivky s ¢ = 0 miZe existovat oskulaéni rovina.

(¢,6)=0= (¢, c)+ (¢, &)=0
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Ale i pro kfivky s ¢ = 0 miZe existovat oskulaéni rovina.

(¢, &) =0= (¢, ¢)+(¢,&)=0

Oskula&ni rovina P je v tom pFipadé& tvofena ¢ a prvni
nenulovou derivaci c.

Pozor! V tomto pfipadé€ je nutno volit body t; pouze na jedné
strané od bodu t.
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m Existence Frenetova repéru

m Jednoznaénost k¥ivky
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Frenet(iv repér prostorovych k¥ivek a kdy to nefunguje
L Prostorové kFivky
LKdy to nefunguje

Zdroje

Dé&kuji za pozornost!

m SPIVAK, Michael. A comprehensive introduction to
differential geometry. 3rd ed. with corrections,Publish or
Perish, 2005

m KLINGENBERG, Wilhelm. A course in differential
geometry, Springer-Verlag, 1978

m HLAVATY, Ladislav. Uvod do geometrie k¥ivek a ploch,
2010
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