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Rovinné ǩrivky

Úvod

Úvod

ǩrivka: c : [a1, a2]→ R2

požadujeme regularitu: ċ(t) 6= 0 ∀t ∈ [a1, a2]

délka oblouku: s(t) =
t∫
a

|ċ(u)|du, s : [a1, a2]→ [0, L]

parametrizace délkou oblouku γ = c ◦ s−1 ⇒ |γ̇(s)| = 1
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Rovinné ǩrivky

Křivost

Křivost

Oskulačńı kružnice a jej́ı konstrukce:

kružnice procházej́ıćı c(t1), c(t2), c(t3)

existuje limitńı kružnice pro t1, t2, t3 → t?

pokud ano, tak kde má sťred?
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Křivost
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Frenet̊uv repér prostorových ǩrivek a kdy to nefunguje

Rovinné ǩrivky

Křivost

Necht’ t1 < t2 < t3

Definujeme f (t) = 〈c(t)− S(t1, t2, t3), c(t)− S(t1, t2, t3)〉

⇒ f (ti) = R2, i = 1, 2, 3

⇒ (∃ ξ1, ξ2)(ḟ (ξi) = 0), ξi ∈ (ti , ti+1)

⇒ (∃η)( f̈ (η) = 0), η ∈ (ξ1, ξ2)
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Rovinné ǩrivky

Křivost

Pro p̌ripomenut́ı γ = c ◦ s−1, |γ̇| = 1

Věta

Necht’ je dána ǩrivka γ : [0, L]→ R2, γ ∈ C 2. Pokud
γ̈(s) 6= 0, potom pro body s1, s2, s3 dostatečně bĺızko s plat́ı,
že γ(si) nelež́ı na p̌ŕımce. Dále, pro si → s se kružnice skrz
body γ(si) bĺıž́ı k limitńı kružnici procházej́ıćı bodem γ(s).
Pokud naopak γ̈(s) = 0, pak ani pokud body γ(si) nelež́ı na
p̌ŕımce, tak neexistuje limitńı kružnice.

Poloměr limitńı kružnice je 1
|γ̈(s)| , sťred lež́ı na normále ke

ǩrivce γ v bodě s.
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Rovinné ǩrivky
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Rovinné ǩrivky

Tečna a normála

Tečna a normála

Tečna: ~t(s) = γ̇(s)

Normála: ~n(s) = (−t2(s), t1(s))

Křivost: ~̇t(s) = κ(s)~n(s), kde κ = det(γ̇, γ̈)

Plat́ı: |κ| = |γ̈| (
~t
~n

)·
=

(
0 κ
−κ 0

)(
~t
~n

)
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Rovinné ǩrivky

Tečna a normála

Křivost pro jinak parametrizované ǩrivky

Vyjdeme z

|κ| = |γ̈|, c = γ ◦ s, κ = det(γ̇, γ̈).

κ =
ċ1c̈2 − c̈1ċ2

(ċ1
2 + ċ2

2)3/2
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Prostorové ǩrivky

Prostorové ǩrivky

Křivka: c :[a1, a2]→ R3, c ∈ C 3

Křivost:

existuje limitńı kružnice jako u rovinných?

pokud ano, pak zase splňuje následuj́ıćı rovnice

〈ċ(t), c(t)− S〉 = 0

〈c̈(t), c(t)− S〉 = −〈ċ(t), ċ(t)〉
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Prostorové ǩrivky

Věta

Necht’ γ:[0, L]→ R3, γ ∈ C 2, γ̈ 6= 0. Potom pro s1, s2, s3

dostatečně bĺızko s nelež́ı γ(si) na p̌ŕımce. Pro si → s existuje
limitńı rovina P skrz γ(s).

Oskulačńı rovina P je určena γ̇(s) a γ̈(s).
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Frenet̊uv repér prostorových ǩrivek a kdy to nefunguje

Prostorové ǩrivky

Křivost

Křivost, normála a binormála

Tečna: ~t(s) = γ̇(s)

Křivost: κ(s) = |~̇t(s)| = |γ̈(s)|

Hlavńı normála: ~n(s) =
~̇t(s)
κ(s)

pro κ(s) 6= 0

Binormála: ~b(s) = ~t(s)× ~n(s)

(~t, ~n, ~b) je pozitivně orientovaná ON báze
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Prostorové ǩrivky

Torze

Torze

Vyjdeme z vlastnost́ı ~t, ~n, ~b:

〈~b, ~b〉 = 1⇒ 〈~̇b, ~b〉 = 0

〈~b, ~t〉 = 0⇒ 〈~̇b, ~t〉 = −〈~b,~̇t〉 = −κ〈~b, ~n〉 = 0

Proto ~̇b = −τ~n
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Prostorové ǩrivky

Torze

Torze

Ale jaký význam má τ?

hodnota: délka ~b na γ =
∫ L

0
|~̇b(s)|ds =

∫ L

0
|τ(s)|ds

znaménko: τ = 1
κ2 〈γ̇ × γ̈,

...
γ 〉

tedy τ > 0⇔ ~t, ~n,
...
γ jsou pravotočivá báze R3
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Prostorové ǩrivky

Torze

Taylor̊uv rozvoj

c(t + h) = c(t) + hċ(t) +
h2

2
c̈(t) +

h3

6

...
c (t) +O(h3)
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Prostorové ǩrivky

Torze

Taylor̊uv rozvoj

c(t + h)− [c(t) + hċ(t) +
h2

2
c̈(t)] =

h3

6

...
c (t) +O(h3)

A tedy pro
...
c (t) 6= 0 ǩrivka prot́ıná P v bodě t.
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Prostorové ǩrivky

Torze

Taylor̊uv rozvoj

c(t + h)− [c(t) + hċ(t) +
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Prostorové ǩrivky

Torze

Libovolná parametrizace

Pro ǩrivky s libovolnou parametrizaćı:

κ =
|ċ × c̈ |
|ċ |3

τ =
〈ċ × c̈ ,

...
c 〉

〈ċ × c̈ , ċ × c̈〉
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Prostorové ǩrivky

Frenetovy formulky

Frenetovy formulky

Co už máme:

~̇t = κ~n

~̇b = −τ~n

Chyb́ı nám tedy ~̇n:

~n = ~b × ~t
~̇n = ~̇b × ~t + ~b × ~̇t

= −τ~n × ~t + ~b × (κ~n)

= −κ~t + τ~b
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 ~t
~n
~b

· =

 0 κ 0
−κ 0 τ
0 −τ 0

 ~t
~n
~b


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Prostorové ǩrivky

Frenetovy formulky

Kdy to funguje

Helix Torus Viviani

https://upload.wikimedia.org/wikipedia/commons/8/87/Frenetframehelix.gif
https://upload.wikimedia.org/wikipedia/commons/7/70/Torus-Knot_nebeneinander_animated.gif
https://upload.wikimedia.org/wikipedia/commons/1/14/Frenet-Serret-frame_along_Vivani-curve.gif
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Prostorové ǩrivky

Frenetovy formulky

Projekce do rovin

Oskulačńı rovina: (~t, ~n)

Normálová rovina: (~n, ~b)

Rektifikačńı rovina: (~t, ~b)
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Frenetovy formulky

Projekce do rovin

Uvažujme ǩrivku c(t) = (t, t2, t3)
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Prostorové ǩrivky
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Prostorové ǩrivky

Kdy to nefunguje

Kdy to nefunguje

Z definice ~n, ~b: κ 6= 0, z definice τ : muśı existovat ~n

Proto jsme uvažovali pouze ǩrivky, pro které plat́ı:

ċ 6= 0

c̈ 6= 0

Dále je nutné, aby ċ(t), c̈(t) byly LN.
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Dále je nutné, aby ċ(t), c̈(t) byly LN.
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Křivka s c̈ = 0

Křivka

c(t) =


0 t = 0

(t, 0, e−1/t2
) t < 0

(t, e−1/t2
, 0) t > 0
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Křivka s c̈ = 0

Ale i pro ǩrivky s c̈ = 0 může existovat oskulačńı rovina.

〈ċ , c̈〉 = 0⇒ 〈ċ , ...
c 〉+ 〈c̈ , c̈〉 = 0

Oskulačńı rovina P je v tom p̌ŕıpadě tvǒrena ċ a prvńı
nenulovou derivaćı c .
Pozor! V tomto p̌ŕıpadě je nutno volit body ti pouze na jedné
straně od bodu t.
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Prostorové ǩrivky
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Závěr

Existence Frenetova repéru

Jednoznačnost ǩrivky
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