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Universal Enveloping Algebras

Let IF be a field. A Lie algebra over I is an F-vector space g equipped
with a bilinear map [ , ]:g x g — g fulfilling the two following conditions:

[x,x] =0, xe€g, (1)

[x,ly, 2]l + [y, [z, x]] + [z, [x,¥]] =0, x,y,z€g. (2)
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Universal Enveloping Algebras

Definition

Let g be a finite-dimensional Lie algebra over IF. Choose a basis
(x1,...,xn) and let aZ- € T denote the numbers satisfying

n
E= Zaf-l’-xk, 1<i,j<n. (3)
k=1
Then the universal enveloping algebra U(g) of g is defined to be the
unital associative algebra over I, generated by Xi, ..., X,, subject to the
relations

XiXj— XiX;=>_apXe, 1<ij<n. (4)
k=1

v
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Lie Fields

» given an enveloping algebra U(g), consider the following equivalence
relation on U(g)\{0} x U(g):

(vi,u1) ~ (vo,un) <= thereare w,t € U(g)\{0} s.t.

wvy = tvs and wuy = tup.

(5)

> let {1 = [vi, u1] C U(g)\{0} x U(g) denote the class of equivalence,
defined by (5), containing (vi, u1)
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Lie Fields

Definition

The Lie field D(g) of a Lie algebra g is the set of all the equivalence
classes established above, together with addition and multiplication
defined by
up U wiuy + walp
Ak, MaTien ©)
Vi %) wivi
up u tiu
L. -2 _ 12 (7)
Vi W thvy
where wi, wy, to € U(g)\{0} and t; € U(g) satisfy
wivi = wovp and  tup = 1. (8)
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Lie Fields

L -1
> each non-zero § € D(g) has its inverse element: (%) =

Vo

> we may identify { = u

> then for 0 # u € U(g) we denote u=! =1 and we may write

=v1l.y (9)

<|¥

u
v

u
1
» calculations in Lie fields: if [a, b] = ab — ba = ¢ holds for some

a,b,c € D(g), then
[a,b7!] = —btchb? (10)

Jan Kotrbaty (CTU,FNSPE) MAFIA 2015, Prague 23.5.2016 7/18



Lie Field Extensions

» let D(g)[f] denote the algebra of all polynomials in the variable 6,
satisfying af = 0a for every a € D(g) , with coefficients from D(g)

» choose a polynomial
©(0) = Za,@’ e D(g)[9]

such that a; € Z(D(g)), 1 < i § n, and a, =1,
that is irreducible in D(g)

» the extended Lie field is then defined to be the algebra
Dy (g) = {4 € D(g)[0]; deg ¥ < n}
with multiplication given by {1/1 . 1/7}( ) = %(6)3(8) mod (6)
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The Gelfand-Kirillov Conjecture

Definition

Let IF be a field and let m, r € Ny. The (extended) Weyl algebra
W (F) is defined to be the unital associative algebra over IF, generated
by g1,.--,Gn,P1,---,Pn and 61,...,0, subject to the following relations:

Piq; — qjpi = 0jj, 1 <i,j<m. (11)

> let Dy, ((IF) denote the quotient field generated by Wy, ,(IF)

Conjecture (Hypotheése fondamentale)

If g is an algebraic Lie algebra over a commutative field F of characteristic
zero, then there are m,r € Ng such that D(g) = Dp, (F).

» m and r are uniquely determined
» m= 3(dimpg—r)
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The Simply Connected Poincaré Group and Its Lie Algebra

Definition
Let n € N and denote g = diag(1, —1,...,—1) € R™". We define the
simply connected Poincaré group to be P, = SOy(1,n—1) x T", where

SOu(1,n—1) = {/\ e R™ATgN\ =g, det A =1, Ao > 1} . (12)

and

T"={alae R"} (13)

v

> the Lie algebra p, of P, (the Poincare algebra) is generated by P,
0<wu<n-1landL,, 0<pu<v<n-—1subject to the following:

[Luvs Loo] = —(8uplve — Buolvp + 8uolyp — Buplyc), (14)
[L;wa Pp] = _(gupPu - ngP,U«)a
where L, = —-L,,
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The Case P,

»

>

note that p, is considered to be a real Lie algebra for all n € N

for n =2, p, is generated by Py, P and Lo; due to
[Lo1, Po] = —P1, [Lo1,Pi]=—Po, [Po,P1]=0 (15)

in this case we have
0 —-P —P 1
r=3—rankpp,) [ P 0 0 =1 and m:§(3—1):1
P O 0

thus we are searching for an isomorphism

¢:p2 = D11(R),

where Dj 1(RR) is generated by p, g and 6 with [p, g] =1 and zero
otherwise
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The Case P,

> since Po — P1 = [Lo1, Po — P1] = Lo1(Po — P1) — (Po — P1)Lo1,
1= Loy — (Po— P1)Loa(Po — P1) ™"
= Lo1 — Lo1 — [Po — P1, Loa(Po — P1) ']
= [Lor(Po — P1)*, Po — Pl
and similarly 1 = [(Py — P1) ‘Lo, Po — Pi]

> together we have

1 _ _
1= §{L01(P0—P1) L4+ (Po— P1) 1L01},P0—P1] (16)

> now we make use of [Loz, (Po — P1)™ Y] = —(Py — P1)~! to write
1

% {Lor(Po — P1) ™t + (Po— P1) 'Lo1} = (Po— P1) 7t <L01 - 2)
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The Case P,

» let us denote

o>

= (Py— Py)7} (L01 - ;) , (17)

CA] = Po - P1 (18)

» the centre of U(p,) is generated by the only Casimir element
M? := PZ — P? = (Py — P1)(Po + P1) (19)

> using M2, the relations (17) and (18) can be converted as

1

Lor=gp+ 5, (20)
1, .

Po—E(CI‘f‘q 1M2)7 (21)
1, . .

Pr=>(-4+4 'M?) (22)
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The Case P,

» we define ¢ as follows:

HLor) = ap+ 5, (23)
#(Po) = 5 (a-+970). (24)
P = 5 (~q+q70) (25)
> for the inverse ¢—1: Dy 1(R) — pa we then have
¢~ H(p) == (Po— P1)™ (L01 - ;) : (26)
¢"(q) := Po— Py, (27)
6710) = M2 (28)
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The Case P,

> given a representation of U of D1,1(R) on a Hilbert space H, we may
now construct the following representation U of py (on H):

UX) = 0(¢(X)), X €Ep,heH (29)

> let us choose the family of representations U2, m? € R, acting on
L?(R, x) defined as follows:

U(q) :==ix, ,U(p):=—idy, U(B):=m?l (30)

» then by (29) we have

Umz(L()l) = xO0x + %, (31)
i m?
Un2(Po) := 5 <X - x) , (32)
] m?
Upa(P1) = —3 <x + X) (33)
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The Case P,

> the representation of py can be, at least locally, integrated into the
following representation of the Lie group P> (on L2(R, x)):

{Una(tr, 2, )0} (x) = { UR () U (1) U ()0 } ()

_eXp{2 +’;2< _nj>—i§(><+'f>}¢(eflx), (34)

where

{U,(,}Q t)¢} ) = {exp(tLor )t} (x) = e31(etx), (35)
[V} (0 = (en(ePn) () = i, (30

{US(0) (9 = (exp(tPo)u} (0 = e E 0+ Dy, a1)
for any ¢ € L2(R, x)
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The Case P,

» the representation (34) is reducible since it has two invariant
subspace, namely L2(R*) and L2(R™)

» thus let us denote

(Uk(n b )} (9 = o2 0T TR0y g (3
for any ¥ € L2(R*, x)

» comparing this result with the “standard” representations constructed
due to the so-called Mackey theory, one can claim the following:

(38) defines mutually non-equivalent irreducible
representations of the Poincaré group P>
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That's all Folks!
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