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Academy of Sciences of the Czech Republic

Jean Leray Laboratory of Mathematics
University of Nantes

Metody algebry a funkcionálńı analýzy v aplikaćıch
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History of Brownian motion

= movement of a particle in a random environment

I Lucretius (-60)
I movement of dust

I Jan Ingenhousz (1785),
Robert Brown (1827)

I scientific observation

I Albert Einstein (1905),
Marian Smoluchowski (1906)

I mathematical description
with atoms and molecules

I M. Chaudesaigues (1908),
Jean Baptiste Perrin (1909)

I confirmation of the theory
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Mathematical description

I movement in one dimension – variables x := (x, v)
? probability density ρ(x, v, t)

d
dt

∫∫
V0

ρ(x, v, t) dx dv

︸ ︷︷ ︸
probability to find particle inV0

= −
∫
S0

ρ(x, v, t)ẋ · dS

︸ ︷︷ ︸
flow of probability throughS0

∫∫
V0

∂

∂t ρ(x, v, t) dx dv = −
∫∫
V0

∇ · (ẋ ρ(x,v, t)) dx dv

⇒ continuity equation

∂

∂t ρ(x, v, t) = − ∂

∂x (ẋρ(x, v, t))− ∂

∂v (v̇ρ(x, v, t))
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Langevin equation
dx
dt = v

dv
dt = − γm v + 1

m ξ(t)

I m mass, γ friction coefficient
I ξ(t) random force

Assumptions on ξ(t):
I 〈ξ(t)〉 = 0
I 〈ξ(t1)ξ(t2)〉 = 2γkBT δ(t1 − t2)

(kB Boltzmann constant, T temperature)

⇒ continuity equation

∂

∂t ρ =

−v ∂

∂x + γ

m + γ

m v ∂

∂v︸ ︷︷ ︸
L0

− 1
m ξ(t) ∂

∂v︸ ︷︷ ︸
L1

 ρ
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Solving the equation

I goal is to find equation for 〈ρ(x, v, t)〉ξ

I change of unknown function σ(x, v, t) := e−L0tρ(x, v, t)

∂

∂t σ(x, v, t) = e−L0tL1eL0t︸ ︷︷ ︸
V (t)

σ(x, v, t)

⇒ formal solution σ(t) = exp
( t∫

0
V (t′) dt′

)
σ(0)

I 〈σ(t)〉ξ is the characteristic function of the random variable

X(t) := −i
t∫

0
V (t′) dt′

I i.e. 〈σ(t)〉ξ :=
〈
eiX(t)〉

ξ

I 〈X(t)〉 = 0
I
〈
X(t)2〉 =?
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Getting the Fokker-Planck equation

〈
X(t)2〉 = −

t∫
0

t∫
0

〈V (t1)V (t2)〉ξ dt1 dt2

= −
t∫

0

t∫
0

〈
e−L0t1

1
m ξ(t1) ∂

∂v eL0t1e−L0t2
1
m ξ(t2) ∂

∂v eL0t2

〉
ξ

dt1 dt2

= −2γkBT
m2

t∫
0

e−L0t1
∂2

∂v2 eL0t1 dt1

⇒ We obtain the final equation for 〈ρ(t)〉ξ as

∂

∂t 〈ρ(t)〉ξ = L0 〈ρ(t)〉ξ + eL0t ∂

∂t 〈σ(t)〉ξ

=
(
−v ∂

∂x + γ

m + γ

m v ∂

∂v + γkBT
m2

∂2

∂v2

)
〈ρ(t)〉ξ
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Kramers-Fokker-Planck equation

I particle in a field V (x) – added force F(x) := −(∂xV )(x)

I Langevin equation

dv
dt = − γm v + 1

m F(x) + 1
m ξ(t)

I change caused in

L0 = −v ∂

∂x + γ

m + γ

m v ∂

∂v −
1
m F(x) ∂

∂v

I resulting equation for probability distribution:

∂

∂t W =
(
−v∇x +∇v ·

(
γ

m v − 1
m F(x)

)
+ γkBT

m2 ∆v

)
W
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Free KFP operator

P0 := −∆v + 1
4 |v|

2 − n
2 + v · ∇x

Dom(P0) :=
{

u ∈ L2(R2
x,v) | P0u ∈ L2(R2

x,v)
}

Properties:

I non-selfadjoint
P∗0 6= P0

I m-accretive
maximal and ∀u ∈ Dom(P0),Re (u,P0u) ≥ 0

I hypoelliptic
∀u distribution, P0u ∈ C∞ ⇒ u ∈ C∞

I ‖∆vu‖2 + ‖|v|2u‖2 + ‖|Dx |2/3u‖2 ≤ C
(
‖P0u‖2 + ‖u‖2

)
I σ(P0) = σess(P0) = [0,+∞)
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Full KFP operator

Let us consider V ∈ C 1(Rn) such that

|∇xV (x)| ≤ C 〈x〉−ρ−1

for some C > 0, ρ ≥ −1 and all x ∈ Rn. Here 〈x〉 := (1 + x2)1/2.

P := −∆v + 1
4 |v|

2 − n
2 + v · ∇x −(∇xV )(x) · ∇v

Dom(P) := Dom(P0) =
{

u ∈ L2(R2
x,v) | P0u ∈ L2(R2

x,v)
}

Properties:
I non-selfadjoint, hypoelliptic, m-accretive
I W := −(∇xV )(x) · ∇v is relatively compact w.r.t. P0

Dom(W ) ⊃ Dom(P0) and W (P0 − z)−1 is compact for some z /∈ σ(P0)

I σ(P) \ [0,+∞) = σd(P) \ [0,+∞)

I σess(P) = σess(P0) = [0,+∞)
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The resolvent

R(z) := (P − z)−1

? Why are we interested in the resolvent ?
I Large time asymptotics of the solutions of KFP

(return to equilibrium)

I S(t) := e−tP = 1
2πi

∫
γ

e−tzR(z)dz

? Are some results already known ?
I |∇xV (x)| → +∞ as |x| → +∞

[Arnold, Desvillettes, Helffer, Hérau, Hitrik, Klein, Nier, Sjöstrand, Villani, . . . ]

I spectrum of P discrete around 0
I u(t) = S(t)u0 = (m, u0)m +O(e−σt) for t → +∞

I m(x, v) := 1
(2π)

n
4

e− 1
2 ( v2

2 +V (x)) eigenfunction associated with 0
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Resolvent of P0

P0u = F−1
x→ξP̂0(ξ)Fx→ξu,

where F denotes Fourier transform (Fu)(ξ, v) =
∫
Rn e−ix·ξu(x, v) dx

P̂0(ξ) := −∆v + 1
4

n∑
j=1

(vj + 2iξj)2 + |ξ|2 − n
2

I family of non-selfadjoint harmonic oscillators
I σ(P̂0(ξ)) = σd(P̂0(ξ)) = {l + ξ2 | l ∈ N}

I Riesz projection Πξ
l u :=

∑
α,|α|=l

(ψ−ξα , u)ψξα
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Resolvent of P0

Fourier transform of R0(z) is

(R̂0(z)u)(ξ, v) =
(

(P̂0 − z)−1u
)

(ξ, v) = R̂0(z, ξ)u(ξ, v)

R̂0(z, ξ) = χ(ξ) Πξ
0

ξ2 − z + r0(z, ξ)

I ξ ∈ Rn, z ∈ C, Re z < 1 and Im z 6= 0
I χ ∈ C∞c (Rn

ξ ), 0 ≤ χ ≤ 1, suppχ ⊂ [−5, 5], χ(ξ) = 1 for ξ ∈ [−4, 4]
I r0(z, ξ) is holomorphic in z and uniformly bounded as operator

on L2(Rn
v )
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Resolvent for n = 3

Hr,s := {u ∈ S ′ | (1 + |Dv|2 + |v|2 + |Dx |
2
3 ) r

2 〈x〉s u ∈ L2}

R0(z) = G0 +O(|z| 12 )

I z → 0, z 6= [0,+∞)
I bounded operator H−1,s → H1,s with s, s′ > 1

2 , s + s′ > 2

R(z) = (1 + G0W )−1G0 +O(|z| 12 )

I need to assume ρ > 1

⇒ S(t) = 1
(4πt)

3
2

(m, ·)m +O(t−2)

for t → +∞ in H 0,s → H 0,−s for s > 3
2
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Resolvent for n = 1

? Leading term of R(z) for n = 1 ?

R0(z) = 1√
z

G0 +O(|z|0)

I z → 0, z 6= [0,+∞)
I bounded operator H−1,s → H1,s with s, s′ > 1

2
I G0 integral operator with kernel

G0(x, v; x ′, v′) = i
2ψ0(v′)ψ0(v),

where ψ0(v) = 1
(2π)

1
4

e− v2
4
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Conclusions

I Brownian motion
I mathematical description from scratch

I Kramers-Fokker-Planck operator

−∆v + 1
4 |v|

2− n
2 + v ·∇x − (∇xV )(x) ·∇v

I The resolvent
I relation to the large time evolution
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Thank you for your attention!

http://kmlinux.fjfi.cvut.cz/∼novakra9
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