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© Black hole quasinormal modes

© Matrix operator L
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Black hole quasinormal modes [1]

Figure: Sagittarius A* by EHT [5]

@ Wave equation

0? 0?
(ﬁ “om T V/) #im =10
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Black hole quasinormal modes [1]

Figure: Sagittarius A* by EHT [5]

@ Wave equation

0? 0?
(ﬁ “om T V/) #im =10

@ Change of coordinates

e :2/\/]()1(_1_|n(1—x)—lnx),
t =4Mr—2M (Inx+In(1 - x) - 1),

X

r- e (—oo0,00) «— x€(0,1)
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@ Wave equation

~2im + Lidim + L2, = O,

1 ) (4M)*V,
L = Tox <3X(X (1—x)0x) — m) ;
1

b= ((1—2x%)0, — 2x)
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@ Wave equation

~2im + Lidim + L2, = O,

_ 1 2 (4M)2V,
L= Tox <6X(X (1 —x)0y) — m) ,
1

b= ((1—2x%)0, — 2x)

@ Matrix operator

OrUpm = Ly,

_ 1 0 / o ¢Im o

U/m(T,X) ~ Ulm(X)einy Lun,lm = Wn,ImUn, im
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@ Simplified version
1/(0 |/
b= (Ll 0) ’

L = 73 (e — V().
w(x) =14+x, p(x)=x*1-x), V(x)eC>,

V(x) > Vo >0, xe(0,1)
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@ Simplified version
1/(0 |/
b= (Ll 0) ’

L = 73 (e — V().
w(x) =14+x, p(x)=x*1-x), V(x)eC>,

V(x) > Vo >0, xe(0,1)

o Hilbert space H = H1 @ Ha»
(I, = Nl + vl v € H, v € Ha,
Hy=W=Co((0,1)) ™, Hy =12 = 12((0,1), w(x)dx)
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@ Hilbert space H

<(U, V), L(U, V) >H = <(u7 V)’ _i(V7 L1U)>H
= —i ((u, Viw + (v, L1U>L3,>
= i (v — V)i — (v, Vi)

2 2
1/2
L2+HV u 12’

= ((u,v), L(u,v) Y3y =23, pv') 12 + (u, W) 2) € R,

Julfy = o2

2 2 2
H=WalLl,, [(uv)h=Iull+Iviz
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@ Hilbert space H
((u,v), L(u,v) Y = ((u, v),—i(v, Liu))x
= —i ((u, Viw + (v, L1u>L5,>
= —i((u, viyw — (V/, pu'y 2 — (v, Vu)2),
Julfy == [l 2u ]+ V2]
= ((u,v),L(u,v) )y = \s((u v e + (u, W) 2) € R,

2 2 2
H=WalLl,, [(uv)h=Iull+Iviz

@ W is boundedly embedded in L2

lullfy = Ip" 20 [[E2 + IV 2ulif > Vollull ~ [lullz,
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@ Dom(L) = Dom(L;) x Dom(/)

I: 12 — W, Dom(l)=W,
Li:W — %, Dom(L;)=?
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@ Dom(L) = Dom(L;) x Dom(/)

I: 12 — W, Dom(l)=W,
Ll W — La/, DOIl’l(Ll) =7

@ Lax-Milgram theorem
T:12 — 12 T=-L;, Dom(T)=Dom(L),
t(u,u) = (u, Tuyez, = [[ullfy,  [ull? = t(u,u) + [ullE

Dom(t) = v == c 1, c v,
- = -y s V=W as sets
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e Bounded: |t(u,v)| < t(u,u) - t(v,v) < |ull||v]
o Coercive:
1/2, Liviz o2 1 2
[t(u, ) = [IP2u |12z + SV ullze + 5 Volullze
2 P2 | + VY2ullZ + lullfe 2 [lull?
e Distributional operator: T € BV, V), Tu:=t(,u),

T := Tlpom(r), Dom(T) :={u€V: Tue L2} dense in V and
12

w

Dom(L) = Dom(T) x W
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@ Motivation:

100 1\ (u)_(u N v =1i\u
i\L; O v) v Liu=iAv

— Liu=—Xu, "Meo(l) < —Neo(ly)"

VA#0: A€ p(L) <= N € p(T)
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@ Motivation:

100 1\ (u)_(u N v =1i\u
i\L; O v) v Liu=iAv

— Liu=—Xu, "Meo(l) < —Neo(ly)"

VA#0: A€ p(L) <= N € p(T)

@ Schur complement: S, = =\ — 11; = H(T — \?)

1 —§+§(T AT (T — N2t
(L_)‘) :< ( ) 1T )\(T—)\2)_1>
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Spectral equivalence

Aep(L)y= M ep(T):
o (L-NTtesWeal2)
T WOLE —W:(u,v)— u, (m2:(u,v) —v),
W —WdL2:ur— (u,0), (m5: v (0,v))
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Spectral equivalence

Aep(L)y= M ep(T):

o (L-NTtesWeal2)
{ﬂl:WGBLfV—)W:(u,v)r—)u, (mp 1 (u,v) — v),

W —WdL2:ur— (u,0), (m5: v (0,v))
o U, = %WQ(L — )\)_171'3< € :@(Ls‘/), U, = (T — )\2)_1?
evell:
(0,v) =msv=(L=A)(L—-))"'mv =
([ Am(L=N)tmv —im(L— N) v
T\ =il (L= ATty — A (L — M) i)
N Uy = im (L — \)trsv
v=—LUyv—NUyv=(T-X\)Uyv

Jan Havel (FNSPE CTU) Research project 15. 5. 2023



e veEDom(T):

v = %Wz(L —A)HL—-N) <§v,iv> =

= %7’(’2(L —N)7Im(T = X2)v = Ur(T — X)v

= U= (T-N) = [(T -2 e #(L)
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e veEDom(T):

V= %M(L —A)HL—-N) <;v,iv> =

= %7’(’2(L —N)7Im(T = X2)v = Ur(T — X)v

= U= (T-N) = [(T -2 e #(L)

e M ep(T)=Xep(l):
o (T— )T e#(1)

Ry — —5+ %IV—>AW(?_ - )\2):1 Thy_—y —i(T—=x2)1
. i 2 (T = N) T Thy—y MT — 21
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e veEDom(T):

V= %M(L —A)HL—-N) <;v,iv> =

= %7’(’2(L —N)7Im(T = X2)v = Ur(T — X)v

= U= (T-N) = [(T -2 e #(L)

e M ep(T)=Xep(l):
o (T-N)Tea(il)

Ry — —5+ %IV—>AW(?_ - )\2):1 Thy_—y —i(T—=x2)1
N iy (T =2 1Thy oy A(T—A2)7L

o Lemma i (T —X2)~1 € B(L5,) = (T — W)~} € Z(L5,, W).
Lemma 2: (T = X*) ! € #(L3,) = (T - 3) " e 2(V".V).
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@ Proof (L2):
YAe C\{0}, 3z, >0: (T —X2+2z) e B(V.V).
o L-M theorem applied to t + (=A% + z))| - ||, ,
coercivity: Yu € V¢ [t(u,u) + (~N2 + 2)[ul% | >
> t(u, u) + (=X + 2)[[ullfz = Nullfy + (=32 +23)ulfy >
> lullf if 2> 142
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@ Proof (L2):
YA e C\{0}, 3z, >0: (T — X2 +2z)te B(VV).
o L-M theorem applied to t + (—=A? + z,)| - |12,
coercivity: Yu € V¢ [t(u,u) + (~N2 + 2)[ul% | >
> t(u,u) + (=22 + 23)[ullf = llullfy + (=22 + 23)|ullfz >
> ullf i z2n> 1422

@ Resolvent identity:

(T ) =(T =N +2z)" 1—zA(T )\2) T - X+ z)t
(T >\2+Z)\) —Z)\(T /\ ) 1IV—>L2(T )\2+Z)\) 1

r, = (T — 2+ Z)\)_l — Z/\(T — )\2) IIV‘>L%V(T — X2+ Z)\)_1

neBV,Y), n=(T-x)"
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e ue Dom(T):
AT =X u=nr(T-=Nu=(T= )T -\)u=u
e uel?:

A

(T=M)nu=(T-N)(T-X)"u=
=(T-X)N(T-X'u=u

A

=n=(T-X)1t=(T-X)1ter(V,V)
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e ue Dom(T):
T =X u=n(T =X u=(T-X )Y (T-N)u=u

e uel?:

=n=(T-X)1t=(T-X)1ter(V,V)
e Ry € %(W@ La,)

R — —14 %/v_w(? — AZ)A—#/W_W —i(T — A2)?
! iz (T= 2 Thy sy MT =237
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o (u,v) EW®a L2, R\(u,v) € Dom(L):
o mR\(u,v) = —Lu+ H(T - Tu—i(T-X)v ew
TriRx(u,v) = Au —iv + X2m Ry (u,v) € L2
= mR\(u,v) € Dom(T)
o mR\(u,v) =i(T =X 1Tu—-NT-=X)"1v ew
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o (u,v) EW®a L2, R\(u,v) € Dom(L):
o mR\(u,v) = —Lu+ (T - M) Tu—i(T-XN)"1v ew
TmiR\(u,v) = Au —iv + Xm Ry (u,v) € L2
= mR\(u,v) € Dom(T)
o mR\(u,v) =i(T =X 1Tu—-NT-=X)"1v ew

o V(u,v) eWad L2 : (L—NR\(u,v) = (u,v)

e Y(u,v) € Dom(L) : R\(L—N)(u,v) = (u,v).

= R=(L-)N)'=|(L-)N)'tesWal)
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Pseudospectrum [2]

@ c-pseudospectrum of L:
o.(l):=c(l)U{zeC : |(L-2)7Y >}

@ Relation to spectrum:

I(L = 2)7H| = dist(z, o(L)) 7,
{ze C : dist(z,0(L)) < e} Co.(L)

@ Spectral instability:

o.(L) = ”VU o(L+ V)
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Pseudospectrum and black holes

Figure: Pseudospectrum of a self-adjoint operator with a toy model
potential [1]
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Figure: Pseudospectrum of the non-self-adjoint Schwarzschild case [1]
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