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Black hole quasinormal modes [1]

Figure: Sagittarius A* by EHT [5]

Wave equation (
∂2

∂t2 −
∂2

∂r ∗2 + Vl

)
ϕlm = 0

Change of coordinatesr ∗ = 2M
(

1
x + ln(1− x)− ln x

)
,

t = 4Mτ − 2M
(
ln x + ln(1− x)− 1

x

)
,

r ∗ ∈ (−∞,∞) ←→ x ∈ (0, 1)

Jan Havel (FNSPE CTU) Research project 15. 5. 2023 3 / 18



Black hole quasinormal modes [1]

Figure: Sagittarius A* by EHT [5]

Wave equation (
∂2

∂t2 −
∂2

∂r ∗2 + Vl

)
ϕlm = 0

Change of coordinatesr ∗ = 2M
(

1
x + ln(1− x)− ln x

)
,

t = 4Mτ − 2M
(
ln x + ln(1− x)− 1

x

)
,

r ∗ ∈ (−∞,∞) ←→ x ∈ (0, 1)
Jan Havel (FNSPE CTU) Research project 15. 5. 2023 3 / 18



Wave equation

−∂2
τϕlm + L1ϕlm + L2∂τϕlm = 0,

L1 = 1
1 + x

(
∂x(x2(1− x)∂x)− (4M)2Vl

4x2(1− x)

)
,

L2 = 1
1 + x

(
(1− 2x2)∂x − 2x

)

Matrix operator

∂τ ulm = iLulm,

L = 1
i

(
0 I
L1 L2

)
, ulm =

(
ϕlm
ψlm

)
, ψlm = ∂τϕlm,

ulm(τ, x) ∼ ulm(x)e iωτ , Lun,lm = ωn,lmun,lm
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Operator L
Simplified version

L = 1
i

(
0 I
L1 0

)
,

L1 = 1
w(x) (∂x(p(x)∂x)− V (x)) ,

w(x) = 1 + x , p(x) = x2(1− x), V (x) ∈ C∞,

V (x) ≥ V0 > 0, x ∈ (0, 1)

Hilbert space H = H1 ⊕H2

∥(u, v)∥2
H := ∥u∥2

H1 + ∥v∥2
H2 , u ∈ H1, v ∈ H2,

H1 =W = C∞((0, 1))∥·∥W , H2 = L2
w = L2((0, 1),w(x)dx)
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Hilbert space H

⟨(u, v), L(u, v) ⟩H = ⟨(u, v),−i(v , L1u)⟩H
= −i

(
⟨u, v⟩W + ⟨v , L1u⟩L2

w

)
= −i (⟨u, v⟩W − ⟨v ′, pu′⟩L2 − ⟨v ,Vu⟩L2) ,

∥u∥2
W :=

∥∥∥p1/2u′
∥∥∥2

L2
+
∥∥∥V 1/2u

∥∥∥2

L2
,

⇒ ⟨(u, v), L(u, v) ⟩H = 2ℑ(⟨u′, pv ′⟩L2 + ⟨u,Vv⟩L2) ∈ R,

H =W ⊕ L2
w , ∥(u, v)∥2

H = ∥u∥2
W + ∥v∥2

L2
w

W is boundedly embedded in L2
w

∥u∥2
W = ∥p1/2u′∥2

L2 + ∥V 1/2u∥2
L2 ≥ V0∥u∥2

L2 ≈ ∥u∥2
L2

w
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Domain of L
Dom(L) = Dom(L1)×Dom(I)

I : L2
w −→W , Dom(I) =W ,

L1 :W −→ L2
w , Dom(L1) =?

Lax-Milgram theorem

T : L2
w −→ L2

w , T = −L1, Dom(T ) = Dom(L1),
t(u, u) = ⟨u,Tu⟩L2

w = ∥u∥2
W , ∥u∥2

t := t(u, u) + ∥u∥2
L2

w
,

Dom(t) = V = C∞∥·∥t ⊆ L2
w ⊆ V∗,

∥·∥t ≈ ∥·∥W , V =W as sets
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Bounded: |t(u, v)| ≤ t(u, u) · t(v , v) ≤ ∥u∥t∥v∥t

Coercive:

|t(u, u)| ≥ ∥p1/2u′∥2
L2 + 1

2∥V
1/2u∥2

L2 + 1
2V0∥u∥2

L2

≳ ∥p1/2u′∥2
L2 + ∥V 1/2u∥2

L2 + ∥u∥2
L2 ≳ ∥u∥2

t

Distributional operator: T̂ ∈ B(V ,V∗), T̂ u := t(·, u),
T := T̂ |Dom(T ), Dom(T ) := {u ∈ V : T̂ u ∈ L2

w} dense in V and
L2

w

Dom(L) = Dom(T )×W
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Spectrum of L
Motivation:

1
i

(
0 I
L1 0

)(
u
v

)
= λ

(
u
v

)
⇒

v = iλu
L1u = iλv

=⇒ L1u = −λ2u, ”λ ∈ σ(L) ?←→ −λ2 ∈ σ(L1)”

Theorem:
∀λ ̸= 0 : λ ∈ ρ(L)⇐⇒ λ2 ∈ ρ(T )

Schur complement: S2 = −λ− 1
λ
L1 = 1

λ
(T − λ2)

(L− λ)−1 =
(
− 1

λ
+ 1

λ
(T − λ2)−1T −i(T − λ2)−1

i(T − λ2)−1T λ(T − λ2)−1

)
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Spectral equivalence
λ ∈ ρ(L)⇒ λ2 ∈ ρ(T ) :

(L− λ)−1 ∈ B(W ⊕ L2
w)π1 :W ⊕ L2

w −→W : (u, v) 7−→ u, (π2 : (u, v) 7−→ v),
π∗

1 :W −→W ⊕ L2
w : u 7−→ (u, 0), (π∗

2 : v 7−→ (0, v) )

Uλ := 1
λ
π2(L− λ)−1π∗

2 ∈ B(L2
w), Uλ = (T − λ2)−1?

v ∈ L2
w :

(0, v) = π∗
2v = (L− λ)(L− λ)−1π∗

2v =

=
(
−λπ1(L− λ)−1π∗

2v − iπ2(L− λ)−1π∗
2v

−iL1π1(L− λ)−1π∗
2v − λπ2(L− λ)−1π∗

2v)

)

⇒

Uλv = iπ1(L− λ)−1π∗
2v

v = −L1Uλv − λ2Uλv = (T − λ2)Uλv
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v ∈ Dom(T ) :

v = 1
i π2(L− λ)−1(L− λ)

(1
λ

v , iv
)

=

= 1
λ
π2(L− λ)−1π∗

2(T − λ2)v = Uλ(T − λ2)v

⇒ Uλ = (T − λ2)−1 ⇒ (T − λ2)−1 ∈ B(L2
w)

λ2 ∈ ρ(T )⇒ λ ∈ ρ(L) :

(T − λ2)−1 ∈ B(L2
w )

Rλ :=
(
− 1

λ + 1
λ IV−→W(T̂ − λ2)−1T̂ IW−→V −i(T − λ2)−1

iIV−→L2
w
(T̂ − λ2)−1T̂ IW−→V λ(T − λ2)−1

)

Lemma 1: (T − λ2)−1 ∈ B(L2
w ) =⇒ (T − λ2)−1 ∈ B(L2

w ,W).
Lemma 2: (T − λ2)−1 ∈ B(L2

w ) =⇒ (T̂ − λ2)−1 ∈ B(V∗,V).
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Proof (L2):
∀λ ∈ C \ {0}, ∃zλ > 0 : (T̂ − λ2 + zλ)−1 ∈ B(V∗,V).

L-M theorem applied to t + (−λ2 + zλ)∥ · ∥2L2
w
,

coercivity: ∀u ∈ V : |t(u, u) + (−λ2 + zλ)∥u∥2L2
w
| ≥

≥ t(u, u) + (−λ2 + zλ)∥u∥2L2
w

= ∥u∥2W + (−λ2 + zλ)∥u∥2L2
w
≥

≥ ∥u∥2t if zλ ≥ 1 + λ2

Resolvent identity:
(T − λ2)−1 = (T − λ2 + zλ)−1 − zλ(T − λ2)−1(T − λ2 + zλ)−1

⊆ (T̂ − λ2 + zλ)−1 − zλ(T − λ2)−1IV−→L2
w (T̂ − λ2 + zλ)−1

rλ := (T̂ − λ2 + zλ)−1 − zλ(T − λ2)−1IV−→L2
w (T̂ − λ2 + zλ)−1

rλ ∈ B(V∗,V), rλ = (T̂ − λ2)−1?
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u ∈ Dom(T ) :
rλ(T̂ − λ2)u = rλ(T − λ2)u = (T − λ2)−1(T − λ2)u = u
u ∈ L2

w :

(T̂ − λ2)rλu = (T̂ − λ2)(T − λ2)−1u =
= (T − λ2)(T − λ2)−1u = u

⇒ rλ = (T̂ − λ2)−1 ⇒ (T̂ − λ2)−1 ∈ B(V∗,V)

Rλ ∈ B(W ⊕ L2
w)

Rλ =
(
− 1

λ
+ 1

λ
IV−→W(T̂ − λ2)−1T̂ IW−→V −i(T − λ2)−1

iIV−→L2
w (T̂ − λ2)−1T̂ IW−→V λ(T − λ2)−1

)
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(u, v) ∈ W ⊕ L2
w , Rλ(u, v) ∈ Dom(L):

π1Rλ(u, v) = − 1
λu + 1

λ(T̂ − λ2)−1T̂ u − i(T̂ − λ2)−1v ∈ W
T̂π1Rλ(u, v) = λu − iv + λ2π1Rλ(u, v) ∈ L2

w
=⇒ π1Rλ(u, v) ∈ Dom(T )
π2Rλ(u, v) = i(T̂ − λ2)−1T̂ u − λ(T̂ − λ2)−1v ∈ W

∀(u, v) ∈ W ⊕ L2
w : (L− λ)Rλ(u, v) = (u, v)

∀(u, v) ∈ Dom(L) : Rλ(L− λ)(u, v) = (u, v).

⇒ Rλ = (L− λ)−1 ⇒ (L− λ)−1 ∈ B(W ⊕ L2
w)

□
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Pseudospectrum [2]

ε-pseudospectrum of L:
σε(L) := σ(L) ∪ {z ∈ C : ∥(L− z)−1∥ > ε−1}

Relation to spectrum:

∥(L− z)−1∥ ≥ dist(z , σ(L))−1,

{z ∈ C : dist(z , σ(L)) < ε} ⊆ σε(L)

Spectral instability:
σε(L) =

⋃
∥V ∥<ε

σ(L + V )
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Pseudospectrum and black holes

Figure: Pseudospectrum of a self-adjoint operator with a toy model
potential [1]
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Figure: Pseudospectrum of the non-self-adjoint Schwarzschild case [1]
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