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Motivation

Physics

1D example in space L2(R):
Ĥ =− h̄

2m
∂ 2

∂x2
+ V̂ ≈−△+ V̂

Discrete 1D version
Space ℓ2(Z) of sequences (an)

+∞
n=−∞ where n ∈ Z

Ĥ = H+V with V ∈ B(ℓ2), Hε = 1
2m
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Necessary definitions

Operators on B(ℓ2(Z))

en = (..., 0, 1, 0, ...) =⇒ ε = (en)n∈Z standard ON basis
d−en =−i(en− en−1) and d+en =−i(en+1− en),
then H = 1

2md+d−

Operators on B(ℓ2(Z)⊕ ℓ2(Z))

H⊕0 =

(
1
2md+d− 0

0 0

)
, H non-relativistic Laplacian

Dc =

(
mc2 cd−

cd+ −mc2

)
discrete relativistic Dirac operator

Resolvent
RA(λ ) = (A−λ I)−1 for λ ∈ ρ(A)



Dirac operator

▶ is formally a square root of a Laplacaian
▶ discrete Dirac

D2
c =

(
m2c4− c2d−d+ 0

0 −m2c4+ c2d+d−

)
=

(
m2c4−2mc2H 0

0 −m2c4+2mc2H

)
▶ We study shifted discrete Dirac

Dc −mc2I=
(

0 cd−

cd+ −2mc2

)



Goals of the thesis

▶ Convergence of shifted Dirac in norm resolvent sense∥∥(Dc −mc2−λ )−1− (H−λ )−1⊕0
∥∥
B(ℓ2⊕ℓ2)

c→∞−−−→ 0

▶ Taylor series of (Dc −mc2−λ )−1

▶ Adding potential V ∈ B(ℓ2⊕ ℓ2)

lim
c→∞

(
Dc −mc2+V −λ

)−1
= ? in B(ℓ2⊕ ℓ2)



Laurent operators

Principle

Using U we map the ON basis of B(ℓ2) to B(L2).
By this we transform our problem from B(ℓ2(Z)⊕ ℓ2(Z)) to
B
(
L2([0,2π])⊕L2([0,2π])

)
.

U is a linear bijective isometry.

Figure: principle of using Laurent operators



Laurent operators

Requirement of constant diagonals.
E.g.

d+en =−i(en+1− en),

(d+)ε =−i
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Laurent operators

Transfering the operators

1. U(±mc2Iℓ2)U−1 =±mc2IL2
2. Ud+U−1 =

(
−i(e it −1)

)
3. Ud−U−1 =

(
−i(1− e−it)

)
4. UHU−1 =

(
1−cost

m

)
5. U⊕U(Dc −mc2Iℓ2)U−1⊕U−1 =

=

(
U0U−1 Ucd+U−1

Ucd−U−1 U(−2mc2)U−1

)
=(

0 −ic(e it −1)
−ic(1− e−it) −2mc2IL2

)
= Dc

6. U⊕U (H⊕0) U−1⊕U−1 =

(
1−cost

m 0
0 0

)
=H⊕0



Resolvent in B(L2⊕L2)

Formulation of the problem in B(L2⊕L2)

Goal: convergence in norm resolvent sense of Dc

(Dc −λ )−1 =

 −2mc2−λ

λ 2+2λmc2+2c2(cost−1)
ic(1−e−it)

λ 2+2λmc2+2c2(cost−1)
ic(e it−1)

λ 2+2λmc2+2c2(cost−1)
−λ

λ 2+2λmc2+2c2(cost−1)


to the operator

(H−λ )−1⊕0 =

(
(1−cost

m −λ )−1 0
0 0

)
=

(
m

1−cost−mλ
0

0 0

)
.



Laurent operators

Theory

1. A,B,C ,D ∈ B(L2([0,2π]))∥∥∥∥(A B
C D

)∥∥∥∥
B(L2⊕L2)

(1)

≤ K
(∥∥A∥∥

B(L2)
+
∥∥B∥∥

B(L2)
+
∥∥C∥∥

B(L2)
+
∥∥D∥∥

B(L2)

)
(2)

for some K > 0.
2. f ∈ L2([0,2π])∥∥Mf

∥∥
B(L2)

=
∥∥f ∥∥

∞
= inf {c > 0| µ ({t ∈ [0,2π]|f (t)> c}) = 0}.

(3)



Laurent operators

Using (1), (3)∥∥(Dc −λ )1− (H−λ )−1⊕0
∥∥
B(L2⊕L2)

=

=

∥∥∥∥∥
 −2mc2−λ

λ2+2λmc2+2c2(cost−1)

ic(1−e−it )

λ2+2λmc2+2c2(cost−1)
ic(e it−1)

λ2+2λmc2+2c2(cost−1)
−λ

λ2+2λmc2+2c2(cost−1)

−
(

m
1−cost−mλ

0

0 0

)∥∥∥∥∥
B(L2⊕L2)

≤
∥∥∥ −2mc2−λ

λ 2+2λmc2+2c2(cost−1)
− m

1−cost−mλ

∥∥∥
B(L2)

+
∥∥∥ ic(1−e−it)

λ 2+2λmc2+2c2(cost−1)

∥∥∥
B(L2)

+
∥∥∥ ic(e it−1)

λ 2+2λmc2+2c2(cost−1)

∥∥∥
B(L2)

+
∥∥∥ −λ

λ 2+2λmc2+2c2(cost−1)

∥∥∥
B(L2)

≤
∣∣ 2λ

KLc2

∣∣+ ∣∣ 2
Lc

∣∣+ ∣∣ 2
Lc

∣∣+ ∣∣ λ

Lc2

∣∣ c→∞−−−→ 0.



Laurent operators

Taylor’s series in 1/c

(Dc −λ )−1 = (H−λ )−1⊕0+
1

c
X1+

1

c2
X2+

1

c3
X3+ ...

meaning

∥∥(Dc −λ )−1− (H−λ )−1⊕0−∑
∞
n=1

1
cnXn

∥∥
B(L2⊕L2)

= 0

for some neighborhood of 1/c = 0.



Laurent operators

Candidates using classical Taylor’s expansion in 1/c

X2j =
(

−2m
2(λm+cost−1) +

1
λ

)(
−λ 2

2(λm+cost−1)

)j
0

0 −λ

2(λm+cost−1)

(
−λ 2

2(λm+cost−1)

)j−1


X2j+1 = 0 i(1−e−it)

(λm+cost−1)

(
−λ 2

2(λm+cost−1)

)j
i(e it−1)

(λm+cost−1)

(
−λ 2

2(λm+cost−1)

)j
0

 .



Laurent operators

Verifying the candidates are correct

Theorem
Suppose fε(t) function with parametre ε ∈ [0,M), for someM > 0 is
(∀ε <M)

(
fε(·) ∈ L2([0,2π])

)
.

Suppose we have full Taylor expansion for ε = 0

∀t ∈ [0,2π]fε(t) =
∞

∑
n=0

an(t)ε
n = a0(t)+

∞

∑
n=1

an(t)ε
n,

∃G ,L> 0
∥∥an∥∥∞

≤ GLn.
IfMf ∈ B

(
L2([0,2π])

)
is multiplication operator, ∀N ∈ N0

f Nε (t) = a0+∑
N
n=1 anεn, then∥∥Mf −Mf Nε

∥∥
B(L2([0,2π]))

≤ GLN+1
ε
N+1 ε→0+−→ 0.



Laurent operators

We obtain for some neighborhood of c =+∞

(
Dc −mc2−λ

)−1
= (H−λ )−1⊕0+

∞

∑
n=1

1

cn
Xn in B(ℓ2⊕ ℓ2)

by transforming

Xn = U−1⊕U−1XnU⊕U.



X2j =( 1λ +(H−λ )−1
)(

λ 2

2m (H−λ )−1
)j

0

0 λ

2m (H−λ )−1
(

λ 2

2m (H−λ )−1
)j
 .

X2j+1 = 0 −d− 1
m (H−λ )−1

(
λ2

2m (H−λ )−1
)j

−d+ 1
m (H−λ )−1

(
λ2

2m (H−λ )−1
)j

0

.



Matrix decomposition

Ch. Tretter - Spectral Theory of Block Operator Matrices

Let A,B,C ,D ∈ B(H ),

X=

(
A B
C D

)
∈ B(H ⊕H ).

Then for λ ̸∈ σ(D)

X−λ =

(
I B(D−λ )−1

0 I

)(
S(λ ) 0
0 D−λ

)(
I 0

(A−λ )−1B I

)
,

where S(λ ) = A−λ −B(D−λ )−1C is the Schur complement of X.



Matrix decomposition

Using the decomposition

In our case H = ℓ2.

Dc −mc2−λ =

=

(
I cd−(−2mc2−λ )−1

0 I

)(
S(λ ) 0
0 −2mc2−λ

)(
I 0

(−2mc2−λ )−1cd− I

)
where

S(λ ) = cd−(2mc2+λ )−1cd+−λ .



Matrix decomposition

Resolvent
For bounded operators, λ ∈ ρ

(
Dc −mc2

)
(Dc −mc2I−λ )−1 =(

I 0
−(−2mc2−λ )−1cd− I

)(
S−1(λ ) 0

0 −1
2mc2+λ

)(
I −cd−(−2mc2−λ )−1

0 I

)
.

Theory

Multiplying bounded operators is continuous.
For (Xn)

+∞

n=1, (Yn)
+∞

n=1, (Zn)
+∞

n=1 ⊂ B(H ) :

Xn
n→∞−−−→ X , Yn

n→∞−−−→ Y , Zn
n→∞−−−→ Z =⇒ XnYnZn

n→∞−−−→ XYZ

in the strong operator topology.



Matrix decomposition

Proving that(
I 0

−(−2mc2−λ )−1cd− I

)
c→∞−→

(
I 0
0 I

)
(
S−1(λ ) 0

0 −1
2mc2+λ

)
c→∞−→

(
(H−λ )−1 0

0 0

)
(
I −cd−(−2mc2−λ )−1

0 I

)
c→∞−→

(
I 0
0 I

)
we obtain for ∀λ ∈ ρ

(
Dc −mc2I

)
(Dc −mc2−λ )−1 c→∞−→ (H−λ )−1⊕0 in B(ℓ2⊕ ℓ2).



Matrix decomposition

Adding potential

Let V =

(
V11 V12

V21 V22

)
∈ B(ℓ2⊕ ℓ2), λ ∈ ρ

(
Dc −mc2I+V

)
(
Dc −mc2+V −λ

)−1
=

=

(
I 0

−
(
(−2mc2−λ )I+V22

)−1
(cd++V21) I

)
×

×

(
Ŝ−1
1 (λ ) 0

0
(
(−2mc2−λ )I+V22

)−1

)
×

×
(
I −(cd−+V12)

(
(−2mc2−λ )I+V22

)
)−1

0 I

)
.



Matrix decomposition

Proving that(
I 0

−
(
(−2mc2−λ )+V22

)−1
(cd++V21) I

)
c→∞−→

(
I 0
0 I

)
(
Ŝ−1
1 (λ ) 0

0
(
(−2mc2−λ )+V22

)−1

)
c→∞−→

(
(H+V11−λ )−1 0

0 0

)
(
I −(cd−+V12)

(
(−2mc2−λ )+V22

)
)−1

0 I

)
c→∞−→

(
I 0
0 I

)
we obtain

(Dc −mc2+V −λ )−1 c→∞−→ (H+V11−λ )−1⊕0 in B(ℓ2⊕ ℓ2).



Supersymetry

Bernd Thaller - The Dirac Equation, 1992

D ∈ L (H ) is a Dirac operator with supersymetry if

D = Q+Mτ,

where
▶ Q is self-adjoint and τQ =−Qτ (Q is a supercharge with

respect to τ)
▶ M > 0 commutes with Q,τ

Dc = c

(
0 d−

d+ 0

)
︸ ︷︷ ︸

Q

+mc2I︸ ︷︷ ︸
M

(
1 0
0 −1

)
︸ ︷︷ ︸

τ

D∞ =
1

2m
Q2 =

1

2m

(
d−d+ 0
0 d+d−

)
=

(
H 0
0 H

)
= H⊕H.



Supersymetry

Bernd Thaller - The Dirac Equation (1992)

For ∀λ ∈ C\R

(Dc −mc2−λ )−1 =((
1 0
0 0

)
+

1

2mc2
(cQ+λ )

)(
I− λ 2

2mc2
(H⊕H−λ )−1

)−1

(H⊕H−λ )−1

c→∞−→
(
1 0
0 0

)(
(H−λ I)−1 0

0 (H−λ I)−1

)
.



Supersymetry

Adding potential, analyticity

Using Theorem 6.4, 6.5 (B. Thaller, 1992)

Let V =

(
V11 0
0 V22

)
∈ B(ℓ2⊕ ℓ2) be a symmetric potential.

Then
(
Dc −mc2I+V −λ

)−1 is holomorphic in 1/c on a λ

depending neighborhood of 1/c = 0.

(
Dc −mc2+V −λ

)−1
=

+∞

∑
n=0

1

cn
Rn(λ ),

where

R0(λ ) =

(
(H+V11−λ )−1 0

0 0

)
,

R1(λ ) =

(
0 1

md+(H+V11−λ )−1

1
m (H+V11−λ )−1d− 0

)
.



Thank you for attention.
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